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1. Fill in the details left as exercises in 10.3.6, 10.4.6, 10.4a.8, 10.5.5, 10.5.6,
and 10.7.1.

10.3.6: Check that all formulas of the following form are logically valid in B:
(A1) A— A

A— A -0
r000, r007#07%, r011, r01#1#
A, +1
A, -1
®
(A2) A— (AV B)

A— (AVB),—0
r000, 00707, r011, r01#1#
A, +1
AV B, -1
A -1
B,—1
®
(A3) (AANB) — A

(AANB) — A,—0
r000, 00707, r011, r01#1#
ANB,+1
A -1
A +1
B,+1
®



(A4) (AA(BVO)) — ((AAB)V(AAC))

(AAN(BVC)) — ((AANB)V(AAC)),—0
r000, 00707, r011, r01#1%#
AN(BVQ)),+1
(ANB)V(ANC), —1
A, +1
BV (O, +1
AANB, -1
ANC, -1

B, +1 C+1
/\
A1 B -1 P
) , A,-1 B, -1
® ® ® TN
AC1 -1
® ®

(A5) (A= B)AN(A—=C)) = (A= (BAQ))

((A— B)A(A—C))— (A— (BAC)),—0
r000, r007#07%, r011, r01#1#
(A= B)AN(A—(C),+1
A— (BANC),—1

A— B,+1
A—C +1
rl123

1022, 1027 2%, 1033, r037 3%

A, 42

BAC,—3
B,-3 C,—3
/\ /\
A, -2 B,+3 A -2 C,+3
® ® ® ®



(A6) (A—-C)AN(B—C))— ((AVvB)—C)

(A= C)AN(B—C))— ((AVB)—(),-0
r000, 00707, r011, r01#1#
(A= C)N(B— C),+1
(AVB)—C,—1
A—C/+1
B—C,+1
rl123
r022, r02#2%# 1033, r03#3#
AV B,+2
C,—3

A, 32 B, +2

/\ /\
A,-2 C, 43 B,—-2 C,+3
& & & &

(A7) —A — A

-—A — A,—0
r000, 00707, r011, r01#1#
-—A, +1
A -1
—A, —1#
A +1
®

(R1) A,A— BF B

A, +0
A— B,+0
B,—0
r000, r00#0#

/\
A0 B,+0
® ®

(R2) A,B+AAB

A, 40
B,+0
ANAB,—0
r000, r007#0#

/\
A -0 B,+0
& ®



(R3) A— B+ (C — A) — (C — B)

A— B,4+0
(C—A)— (C—B),—0
r000, r007#07%, r011, r01#1#
C— A +1
C—B,—1
rl23
1022, 1027 2% r033, r03# 3%
C,+2
B, -3

A, =3 B, +3

N ®
C,—2 A,+3

® ®
(R4)A—-BFH(B—-0C)— (A—-0C)

Shown in 10.3.2
(R5) A— B+ B — —A

A— —-B,+0
B — —A, -0
r000, 00707, r011, r01#1#
B,+1
_|A, _].
A +17

A, 1% B, 1%
® B, -1
®

Check that all of the above except A5, A6, R3 and R4 hold in V..
(A1) A— A
A— A -0

A, 41
A -1



(A2) A — (AV B)

A— (AV B),—0
A +1
AV B, -1
A, -1

B, -1

)

(A3) (AAB) — A

(ANB) — A,—0
ANDB,+1
A, -1
A +1
B,+1
®
(A4) (AN(BVC)) = ((ANB)V(AANC))

(AAN(BVC)) — ((AANB)V(AAC)),—0
AN(BVQ)),+1
(AANB)V(ANC),—1
A +1
BV C,+1
ANB,-1
ANC, -1

B,+1 C,+1
/\
421 c-1
® ®
(A5) (A — B)A (A — C)) — (A — (BACQC)) does not hold:

(p—=aAp—71)—{@—(gAT)),-0
p—=aNp—r)+1
p_>(q/\71)a_]-
p—q,+1
p—r+1

Counter-model such that

wo w1
+p—q
+p—r
—p—(qAr)



(A6) (A—C)AN(B—C(C)) — ((AV B) — C) does not hold:

(p—=r)AN(g—r)) = ((pVg) —r),—0
(p—r)A(g—r),+1
(pVaq) —r—1
p—r+1
q—r,+1

Counter-model such that

wo Wi
+p—r
+q —r
~(pva) -

(A7) =—A — A

(R1) A,A— BFy. B

(R2) A,Brn. ANB

A,+0
B, +0
AAB,—0

/\
A, -0 B,40
® ®



(R3) A— BFy, (C— A)— (C — B)

p—q,+0
(r—p) = (r—4q),-0

r—p,+1

r—q,—1

TN

pa_o q, +0

P P
pa_]- Qa+]— pv_]- q7+1

Counter-model from open left-most branch such that

wo W1

-p +r—p
—r—gq
-Pp

(R4) A— BF¥Fn, (B—C)— (A—(C)

p—q,+0
(q—r)—(@—r),-0

q—r+1

p—r—1

TN

pa_o q, +0

/\
pa_]- Qa+]— pv_]- q7+1

Counter-model from open left-most branch such that

wo w1

-p +qg—r
—-p—r
-D

(R5) A— -BlFy, B— -4

A— =B,+0
B — —-A, -0
B, +1
-A, -1
A +17%

A, —1# B, +1%#
® B, -1
®



10.4.6 Show that A8 - A10 are valid in B if the appropriate constraints are
added.

(A8) (A — —B) — (B — —A)
The inference is invalid in B without the constraint:

(p— —~q) = (¢ — —p),—0
r000, r00#0%#, r011, r01#1#
p— g, +1
q— —p,—1
r123
1022, 1027 2%, 1033, r037 3%
q,+2
-p, —3
p,+3%

/\
p,—2 —q,+3

q, _3#

Counter-model from open left-most branch such that

wo ’LUO
wy wy
Z
—p,+q w2 w3 wy wz  +p

p — —q is true at wy, because p is false at wo. However, ¢ — —p is false at
w1, because ¢ is true at wsy, but p is not false at ws - this can be seen by the
fact that p is true in wj. Thus (p — —q) — (¢ — —p) is false at wy.

With the addition of the constraint, ‘If Rabc then Rac*b*’, A8 is valid. This
can be shown by repeating the tableau, with the addition of the following rule:

rTYZ
1

TTZY.



(A— —-B) — (B — -A),—0
r000, 00707, r011, r01#1#
A— —B,+1
B — —A, -1
r123, r13#2#
r022, r02#2%# 1033, r03#3#
B,+2
_\A, _3
A, +3%

A, —3% =B, +2%#

& B,-2
0y

In the below, I will be omitting the relations between world 0 and other
worlds — these will be assumed.

(A9) (A — B) — ((B — C) — (A — C))
The inference is invalid in B without the constraint:

r—q) —(g—7r)—(@—r),-0

p—q,+1
(q—=r)—@—r),-1
r123
q—r,+2
p—r,—3
1345
p, +4
r,—5H
N
p,—2 q,+3
Counter-model from open left-most branch such that
wo wg
w1 wy
Va
—p w2 w3 ws  w;
/
+p wy ws —r wy Wi

However, with the addition of the constraint, ‘If there is an z € W such that
Rabx and Rxcd, then there is a y € W such that Racy and Rbyd’, it is valid.
This can be shown by repeating the tableau, with the addition of the following
rule:



rTYyz
TZUV

!

rTUJ, TYJU

(4= B) = ((B—C) = (A= C)),~0
A— B,+1
(B—-C)—(A—=C),—1
r123
B— C,+2
A—C, -3
r345
A, +4
C,-5
r146, 1265

A, "4 B, +6

® ///”\\\
B,—6 C,+5
® ®

(AlO) (A — B) — ((C — A) — (C—> B)
The inference is invalid in B without the constraint:

(p—aq)— ((r—p)—(r—19q),-0
p—q,+1
(r—p)—(r—q),-1
r123
r—p,+2
r—q,—3
r345
r,+4
Qa_5

/\
b, -2 Q7+3

Counter-model from open left-most branch such that

wo Wy
wy wy
pa
* *
—p w2 W3 Wy W3
Z
+r ws ws —q wy Wi



However, with the addition of the constraint, ‘If there is an © € W such that
Rabx and Rxcd, then there is a y € W such that Rbcy and Rayd’, it is valid.
This can be shown by repeating the tableau, with the addition of the rule (T'10):

rTYyz
rzuY

!

TYuj, TV

(4= B) = ((C — 4) = (C — B)), ~0
A— B,+1
(C—A)— (C—B),—-1
r123
C— A +2
C — B,-3
r345
C,+4
B,-5
1246, 1165

A, —6 B,+5
/\ ®
C, =4 A, +6
& ®

10.4a.8 Show that A13 - A16 are valid in B provided the appropriate con-
straint is added.

(A13) AV -A

To show that (A13) is not valid in B, the following counter-model will do:

—-p  wo wy  +p

p is false at wop, and since p is true at w(, —p is false at wop, so p vV —p is false
at wo.

A13 is valid given C13 (the condition ‘If @ € N, a* C a). We can show this
by proving that it cannot be the case that both A is false, and —A is false at wq
on any interpretation.

Take any interpretation such that wy € N. Suppose that this interpretation
makes A false at wp. Then it makes A true at w(. But by the condition, since
wo € N, wi E wo. So, because vy (mA) =1, vy, (0A) = 1. In other words, = A
is true at wg.

11



(A14) (A — —A) — —A

To show that A14 is not valid in B, the following counter-model will do:

wo ’LUO
w1 wy  4p
£
* *
—p w2 w3 UJQ w3

p — —p is true at wy, because p is false at ws. However, —p is not true at
w; because p is true at wj.

To establish that Al14 is valid given C14 (the condition ‘If a € N, a* C q;
and if @ € W — N, Raa*a’), suppose that in an interpretation wy € N and
Rwpaa. We need to show that if A — —A is true at a, so is = A.

Suppose that a € N, and that A — = A is true at a. If A is true at a, then
—A is true at a. If A is not true at a, then —A is true at a*. Since a* C a A
is true at a. So, in both cases we have the result.

Suppose that a € W — N. If A — —A is true at a, then for all b and ¢ such
that Rabc, either A is false at b or —A is true at ¢. By the condition, Raa*a.
So, either A is false at a* or —A is true at a. In either case, —A is true at a, as
required.

(A1) A— (B— A)

To show that A15 is not valid in B, the following will do, where wy is the
only normal world, and C is =.

wo Wy
+p wy wy
/
+q w2 w3z —p w3 ws

p is true at wi. But Rwiwsows, ¢ is true at ws, and p is false at ws, hence
q — p is false at wy and p — (¢ — p) is false at wo.

To show that A15 is valid given C15 (the condition ‘If Rabc then a T ¢’),
suppose that in an interpretation wy € N and Rwgaa. We must show that if A
is true at a, then so is B — A. Let us take A to be true at a. If B — A were
not true at a then there would be two worlds b and ¢ such that Rabe, B is true
at b, and A is false at ¢. But, by the condition, since Rabc, a C ¢. A is true at
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a, so A is true at c.
(A16) A — (A — A)

To show that A16 is not valid in B, the following will do, where wy is the
only normal world, and C is =.

wo W
+p  w wy

/
+p we w3z —p wy  w;

p is true at wi. However, Rwywsws, and p is true at wsy, but p is false at
ws, so p — p is false at w;.

To show that A16 is valid given C16 (the condition ‘If Rabc then a C ¢
or b C ¢), suppose that in an interpretation wy € N and Rwpaa. We must
show that if A is true at a, then so is A — A. Suppose that A is true at a. If
A — A were not true at a then there must be two worlds b and ¢ such that Rabc,
and A is true at b, but A is not true at c. By the condition, since Rabe, a C ¢
or b C c¢. Since A is true at both a and b, in either case, A is true at ¢, as required.

10.5.5 Check that every axiom of R takes a designated value in RM3.

RMs: » = {1, i}

f~11 4 0
111 0 O
i 1 ¢ 0
01 1 1

I will substitute O for — in the following. I will take R to be axiomatised
by Al - A12 plus R1 and R2.

(A1) AD A

If the values of A and B are the same, then the value of A D B is designated.
Hence A D A is always designated.

(A2) AD(AV B)
Suppose this were undesignated in RM3. Then the truth values of the an-
tecedent and consequent are (1, 4), (¢,0) or (1, 0). If (1, 4) the truth-value of

AV B is i. Looking at the truth-table for VV we can see that this means the truth
value of A (B) cannot be 1. But this is contradictory. If (i, 0) then the truth

13



value of AV B is 0 so the truth-value of A (B) is 0. But this is contradictory.
Likewise, if (1, 0), the truth-value of AV B is 0, so the truth value of A (B) is
0. But this is contradictory.

(A3) (ANB) D A

Suppose this were undesignated in RM3. Then the truth values of the an-
tecedent and consequent are (1, ), (4,0) or (1, 0). If (1, ¢) then the truth-value
of AA B is 1, so the truth value of A (B) is 1. But this is contradictory. If (3,
0) then looking at the truth-table for A we see that the truth value of A (B)
cannot be 0. But this is contradictory. If (1, 0), the truth-value of AA B is 1,
so the truth value of A (B) is 1. But this is contradictory.

(Ad) AA(BVC)D (AAB)V(AAC))

Suppose this were undesignated in RM3. Then the truth values of the an-
tecedent and consequent are (1, ¢), (4,0) or (1, 0). If (1, ¢) then the truth-value
of AN(BVC) is 1, so the truth value of A is 1, and the truth value of B or C is
1. The truth value of (AA B)V (AAC) is i, but if the truth value of A and B
(or C') is 1, this cannot be the case. If (7, 0) then the truth value of AA (B V()
is 4, so the truth value of A is i or 1.But the truth value of the consequent is
0, so the truth value of A A B, and A A C, is also. But this is contradictory. If
(1, 0), similarly, the antecedent tells us that the truth-value of A is 1. But the
consequent tells us that the truth-value of A is 0.

(A5) (ADB)A(ADC)D(AD(BAQO))

Suppose this were undesignated in RM3. Then the truth values of the an-
tecedent and consequent are (1, i), (4,0) or (1, 0). If (1, ¢) then the truth-value
of (AD B)A(A D (C)is 1, so the truth value of A D B is 1, and the truth-value
of A is 0, or the truth-value of B is 1 or i, and from the second conjunct, if A
isnot 0, C is 1 or i. So, either A is 0, or B and C are 1 or i. If A is 0, then
the consequent is not 0. And if B and C are 1 or ¢ then B A C'is 1 or i, so the
value of the consequent is not 0. If (¢, 0) then the truth value of A D (B A C)
is 0, so again there are three possibilities for the consequent: (1, i), (7,0) or (1,
0). In the cases where A is 1, BA C is i or 0. So the values of one of B or C'
are 7 or 0. Hence one of the conjuncts in the antecedent must take the value 0,
and hence the antecedent must take the value 0. In the case where A is i, B
and C are 0, so the antecedent is 0. If the value of the inference is (1,0) then
again there are three possibilities for the consequent, (1, i), (2,0) or (1, 0). The
same reasoning as above shows the inference to always take a designated value.

(A6) (ADC)A(BDC))>((AVB)>C)

Suppose this were undesignated in RM3. Then the truth values of the an-
tecedent and consequent are (1, ) (4,0) or (1, 0). If (1, 4) then the truth-value
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of (AV B) D () is 4, so the truth value of AV B is i, meaning it is not the case
that both A and B is 0. If C is 7, the only way in which the antecedent can
take the value 1 is for both A and B to take the value 0. But this is not the
case. If (4, 0) then there are three possibilities for the consequent: (1, ) (4,0)
or (1, 0). In the case where C' is i, AV B is 1, so A or B is 1. But then one of
the conjuncts in the antecedent takes the value 0, and so does the conjunct. In
the cases where C is 0, AV B is either 1, or ¢, so it is not the case that both A
and B take the value 0. But both (4, 0) and (1, 0) are assign conditionals the
value 0, so the value of the antecedent is 0. If the inference takes the values (1,
0), then again the consequent takes the value 0, and the same reasoning shows
that the antecedent cannot be 1.

(A7) -—AD A

Suppose this were undesignated in RMs. Then the truth values of the an-
tecedent and consequent are (1, i) (4,0) or (1, 0). Looking at the truth table
for = A in RM3, it is clear that =—A will always take the same value asA, so all
three possibilities are contradictory.

(A8) (AD—-B) D (BD>-A)

Suppose this were undesignated in RM3. Then the truth values of the an-
tecedent and consequent are (1, i) (4,0) or (1, 0). In the first case, from the
consequent, the truth values of B and —A are both i. Hence the value of A is 1,
and the value of =B is 7. But then the value of the antecedent is i. In the second
case, the same reasoning can be applied to the antecedent. In the third case,
there are three possibilities for the consequent: (1, %) (i,0) or (1, 0). In the case
where B is 1, and =Ais i, "B is 0 and A isi. So A D =B is 0. In the case where
Bisiand A is 0, ~Bisiand A is 1. So the value of A D =B is 0. In the case
where B is 1 and ~A is 0, =B is 0, and A is 1. So the truth value of A D =B is 0.

(A9) (ADB)D((BDC)D(ADCQ))

Suppose this were undesignated in RM3. Then the truth values of the an-
tecedent and consequent are (1, ¢) (4,0) or (1, 0). In the first case, the value
of B D C and A D C is i, thus the values of A, B and C are i. But then the
value of the antecedent is i. In the second case, from the antecedent, the values
of A and B are 7. But then the two halves of the conditional in the consequent
take the same truth value, and so the value of the consequent is not 0. In the
third case, there are three possibilities for the consequent: (1, ¢) (4,0) or (1,
0). In the case where B D Cis 1, and A D C is i, both A and C are i, so
then B must be 0. But this means that the antecedent A O B is 0. In the
case where B D Cis i and A D C is 0, both B and C are i, so A must be 1.
But then A D B is 0. In the case where B D C'is 1 and A D C is 0, A and
C take either (1, 7) (¢,0) or (1, 0). In every case, B must take 0, so A O B takes 0.
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(A10) (ADB)D((CD>A)D(C>DB))

Suppose this were undesignated in RM3. Then the truth values of the an-
tecedent and consequent are (1, ¢) (4,0) or (1, 0). In the first case, the value
of C D A and C' D B is i, thus the values of A, B and C are i. But then
the value of the antecedent is 7. In the second case, from the antecedent, the
values of A and B are i. But then the two halves of the conditional in the
consequent take the same truth value, and so the value of the consequent is not
0. In the third case, there are three possibilities for the consequent: (1, i) (4,0)
or (1, 0). In the case where C D Ais 1, and C' D B is i, both B and C are
1, so then A must be 1. But this means that the antecedent A D B is 0.In the
case where C D A is i and C D B is 0, both A and C are i, so A must be 1.
But then A D B is 0. In the case where C' D Ais 1 and C' D B is 0, C' and
B take either (1, 4) (4,0) or (1, 0). In every case, A must take 0, so A D B takes 0.

(A11) (AD(ADB)) D (ADB)

Suppose this were undesignated in RM3. Then the truth values of the an-
tecedent and consequent are (1, ¢) (4,0) or (1, 0). In the first case, the value of
A D B is i, thus the values of A and B i. But then the value of the antecedent
is 7. In the second case, from the antecedent, the values of A and B are 7. But
then the value of the consequent is 7. In the third case, there are three possibil-
ities for the consequent: (1, %) (4,0) or (1, 0). In all three cases, the value of the
antecedent comes out as 0.

(A12) AD ((AD B) D B)

Suppose this were undesignated in RM3. Then the truth values of the an-
tecedent and consequent are (1, i) (4,0) or (1, 0). In the first case, the value of
(A D B) D B is i, hence the value of A is i. In the second case the value of
Ais 4. If B is 1, the value of the consequent is 1. If B is i, the value of the
consequent is i. If B is 0, the value of the consequent is 0. In the third case,
the value of A is 1. If B is 1, the value of the consequent is 1. If B is ¢, the
value of the consequent is 1. If B is 0, the value of the consequent is 1.

(R1) AJ/ADBFB

Suppose the premises were designated, and conclusion undesignated in RM3.
Then the value of B is 0, and the value of each premise is 1 or i. However, if A
is 1 or 4, the value of A D B is 0.

(R2) A,BFAAB

Suppose the premises were designated, and conclusion undesignated in RMs3.

Then the value of A A B is 0, so the value of either A or B is 0. Hence one of
the premises is undesignated.
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10.5.6 Check that all the axioms of R are valid in the logic given in this
section.

Unfortunately the author of these solutions is not enough of a masochist to
attempt this exercise. Get some large pieces of paper, and check the 8, 64, or
512 cases in the truth table for each axiom!

10.7.1 Check that the inferences of 5.2.1 are all valid in N,.
Antecedent strengthening: A — BExN, (ANC) — B

A — B,40
(ANC) — B,—0
ANC, +1
B,-1
A +1
C,+1

N
A -1 B,+1
& ®
Transitivity: A — B,B—CFEy, A —C

A— B,+0

B — C,40

A—C, -0
A, +1
C,—1

A, —1 B, +1

® /\
B,—-1 C,+1

® ®
Contraposition: A — B Fy, =B — —-A

A— B,+0
-B — —A, -0
-B,+1
-A, -1
B, 1%

A, +17

A, —1# B, +1#
® ®
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2. Show that the following fail in B:
(a) (pAg) —=rEp—(g—r)

(pAg)— 140
p—(qg—r),-0
r000, r00# 0%, r011, r0171#
p,+1
q—r,—1
rl123
q,+2
r,—3
r022, 102%#27%, 1033, r03#3#

pAg,—3 r,+3
®
D, -3 q, -3
pPAG —2 r, +2 pPAG —2 T, +2
/\

/\ TN .22 g2 N _/1\ .

p,—2 q,—2 pAg,—1 r,+1 pPAq, T+
/\ ® P (}_1 D, —{?—1
_1 1 ) )
pv_]- Qa_]-

The rule for A — B, +i is applied to line 1 for world 0 and all the star-
worlds as well, but since negation does not appear in the non-star worlds, no
contradictions will arise. I have ommitted this step for space reasons.

A countermodel can be read off the left-most open branch of the tableau as
below:

Wo —Pp wy - —p
wy —q,+p wi -p
/

-p,+q ws w3 —p,—r  —p w; w3 —Pp



The normality relations are assumed, as in the text.
Let us check that this interpretation works:
There is no world where p A q, therefore the premise is true. However, at

wy, p is true, so the conclusion states that ¢ — r must be true there as well.
Rwiwsows. and ¢ is true at wo but 7 is false at ws, so the conclusion is false.

b)p—(g—=r)F(pAg —r

p—(q—r),+0

(p A Q) - T, _0
r000, r00#0# r011, r01#1%#
pAg +1

r,—1

p,+1

q,+1

pa_]- q— T’,+1
®
p,—0 qg— 7,40
/\
q,—1 r,+1

pa_o# q—T, +0# © ©

/\/\

pa_]-# (]_)7","‘1# pv_]-# q_>7',+]-#

A counter-model can be read off the left-most open branch of the tableau as
below:

*

Wo —-p Wy —P

*

wy +p7 +q7 -r wq P

The normality relations are assumed, as in the text.
Let us check that this interpretation works:
w1, where p is true, is not related to any other world, so ¢ — r is trivially

true there, and the premise is true at wg. However, at w; where p A ¢ is true, r
is not true, so the conclusion is false.



F((—=aN(@—7)—(@—T)

(p—=aNn(g@—71)—(P—1),-0
r000, r00#0# r011, r01#1#
(p—aq)AN(g—r),+1
p—r—1
p—q,+1
q—r,+1
r123
P, +2
r,—3
r022, r02%#2%, 1033, r03#3#

p,—2 q,+3
& S
q,—2 r,+3

&

A counter-model can be read off the open branch of the tableau as below:

wo wO
w1 wy
/

+pa —q w2 ws +Qa -r U}; wg

The normality relations are assumed, as in the text.

Let us check that this interpretation works:

p is true at wy and ¢ is true at w3 making p — ¢ true at wy. ¢ is false at
wy making ¢ — r true at wy. Thus the antecedent (p — ¢) A (¢ — r) is true

at wy. However, p is true at wo, and false at w3 where Rwjwsows, meaning the
consequent p — r is false at wy, and the whole inference is false at wy.
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(A F@—q —((pAT)—=(gAT))

(p—q) = ((pAT) = (gAT)), =0
r000, 00707 r011, r017#1%
p—q,+1
(pAr)—(gAr),—1
rl123
pAT,+2
qNr,—3
r022, r02#2%# 1033, r03#3#

P, +2
r,+2

T

q,—3 r,—3

PN N
p7_2 q, +3 p7_2 Q7+3
& ® &
A counter-model can be read off the only open branch of the tableau as below:

wo Wy
wq wy
Z

+p,+r w2 w3z +q,—T (T

The normality relations are assumed, as in the text.
Let us check that this interpretation works:
The antecedent is true at w; because at p is true at wo and ¢ is true at ws.

The consequent is false at w; because Rwywsws, and while both p and r are
true at wy, r is false at ws.
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() (pAg) —rF(pA-T)— —q

(pAg)— 40
(p A _'T) — 79, -0
r000, 1007 0% 1011, r01#1#
pA -1, +1
-q, —1
p,+1
-, 41
T, —1#
q,+1%

pAg —1

r,+1
i _1/\(]_1 PAq —1# r,+1%
a® 9 /\ ®
/\ p,—1% ¢, —1%

pAq,—1% r,+1% ®

/\ ®

p,—1% ¢, —1%
®
The rule for A — B, +i is applied to line 1 for wy and the star world of wq
as well, but since all other rules have been applied, and no parameters appear in

those worlds, no contradictions will arise. I have omitted these steps for space
reasons.

A counter-model can be read off the left-most open branch of the tableau as
below:
wo  —p wg —-p

*

w1 +p7 —q Wy —D; +qa —-r

The normality relations are assumed, as in the text.
Let us check that this interpretation works:
There are no worlds where p A ¢ so the premise is true at wg. However, at

wy, p and —r obtain (because r is false at wj), but —¢ does not (because ¢ is
true at wj, making the conclusion false at wy.



3. Show that (p A (p — ¢)) — ¢ is not logically valid in B. Show that it is if
we require every world, w, of every interpretation to meet the condition Rwww.

¥enN(p—4q)—q
(pA(—q)—q,-0
r000, r007#0# 1011, r017#1#
pA(p—aq),+1
q, -1
p,+1
p—q,+1

A counter-model can be read off the open branch of the tableau as below:

wo wg

wy  +p,—q wi

The normality relations are assumed, as in the text.
Let us check that this interpretation works:

At wy, both p and p — ¢ are true (because wy is not related to other worlds
as the first of a triple), but ¢ is false, therefore the formula is false at wy.

If we require every world of every interpretation to meet the condition
Rwww, then Fg (p A (p — q)) — ¢

This can be shown by a short semantic proof:
Suppose the inference is false. Then there is an interpretation such that
wo € N, Rwpaa, p A (p — q) is true at a, and ¢ is not true at a. So p is true at

a, and p — ¢ is true at a. However, by the condition above, Raaa, so ¢ is true
at a.
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4. Give deductions for the following in R:

(AANB) — A

—A— -A

(mA — —A) - (A — ——A)

A— ——A

((A AN B) — A) — ((A — ﬂ—|A) — ((A A B) — _\_|A))
(4= ==4) = (AN B) = =)

(AANB) — A

((A AN B) — —\—\A) — (—\A — —\(A A\ B))

-A— —-(AANB)

A———A

(AN-A)— A

(A — =) = (AN =4) = =)
(AAN—A) — —-—A

((AAN—-A) — —=A) = (mA — (AN -A))
A — =(AN-A)

(AN—-A) — —A

((A A —|A) — ﬂA) — (A — —|(A A —|A))

A — ﬂ(A AN ﬂA)

(A— =(AN-A) A (mA — =(AN-A)

A3
Al
A8
(2), (3) and R1
A9
(1), (5) and R1
(4), (6) and R1
A8
(7), (8) and R1

(A= ~(AA=A)) A (mA = =(AN-A))) — ((AV-A) — ~(AA-A))

(AV =A) — —(AA-A)
AV A
(AN -A)

A— B

A — -B

(A— B)AN(A— —B)

((A—- B)A(A— —-B)) — (A— (BA-B))
A — (BA-B)

(B/\_‘B) H—\—\(B/\—‘B)

(A— (BA-B)) — ((BA-B) — ——(BA-B)) — (A— ——(BA-B)))

(BA=B) — ~~(BA-B)) — (A — ~~(B A-B)
A — ~—(B A—B)

(A — ﬂ—|(B AN ﬁB)) — (—|(B A ﬁB) — ﬂA)
-(BA-B) —-A

~(B A-B)

-A
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Shown above 4(a)
A3

(2) and R4

(1), (3) and R1
A8

(4), (5) and R1
A3

A8

(7), (8) and R1
(6), (9) and R2
A6

(10), (11) and R1
(10.5.4)

(13), (12) and R1

Assumption
Assumption

(1), (2) and R2
A5

(3), (4) and R1
Shown above 4(a)
A9

(5), (7) and R1
(6), (8) and R1
A8

(9), (10) and R1
Shown above 4(b)
(11), (12) and R1



5. Show that in R, A12 may be replaced by permutation: (A — (B —

) — (B

— (A — ()). Show that in R, A1l may be replaced by A14. (Hint

for the second: take (A — —A) — —A, and prefix the antecedent and conse-
quent with =B. Then use permutation on the antecedent.)

A12: A— ((A— B) — B)

Permutation: (A — (B —C)) — (B— (A— ()

I will show that A12 may be replaced by permutation by showing that the
former may be deduced from permutation plus the other R assumptions. The
textbook already shows that permutation is a theorem of the axiom system of
R with the axiom A — ((A — B) — B))

(1)
(2)
(3)

(A—B) = (A—B) Al
(A—-B)— (A—B)) —(A— ((A— B) — B)) Permutation
A— ((A— B) — B) (1), (2) and R1

All: (A—- (A—B))— (A— B)

Al4: (A— —-A) - A

I will show that A1l may be replaced by Al4 by showing that the former
may be deduced from the latter plus the other R assumptions.

NN N N N N S S
© 00 ~J O U i W N~
N AN AN AN AN NN N

(A — —\A) — —A

(—\B — (A — —\A)) — (—\B — —\A)

(A — (_\B — _\A)) — (—|B — (A — —|A))

((_\B — (A — _\A)) — (_\B — —|A)) — ((A — (—|B — —|A)) — (_\B — _\A))

(A ——~B) — (A — B)

(A —=B) = (A = B)) — (B — ~4) = (4~ B))

(5B — —A) — (A — B)

(B —=A) = (A= B)) = (A — (<B - ~4)) - (4 - B))
(A= (+B — ~A)) — (4 — B)

(A B)  (<B —~4)

B — —-—B

(B~ ~B) — (A~ B) (A~ ~B))

(A~ B) — (A~ —B)

(A——-=B) = (=B — ~4)) = (4 — B) = (=B — —4))

(A— B) — (=B — —A)

(A= B) = (-B—-4) - (A= (A= B)) > (A— (=B — ~4)))
(A= (A= B))— (A— (7B — ~4))

(A= (="B—-4))—=(A—B))—(4A—(A—B)) —(A—B))
(A= (A—B))— (A— B)
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Al4

(1), R3
Permutation
(3), R4

(2). (4), R1
A8

Shown above
(7), R3

(6) and R4
(8), (9), R1
(5), and R4
(10), (11), R1
A8

Shown above
A10

(14), (15), R1
(16), R4

(13), R1

A10

(18), (19), R1
(20), R4
(12), (21), R1



6. Show that Fry (p A =p) — —(¢ A —¢q). This is non-trivial. Start by
showing that in R F (AV —A) < =(AA—-A), F (AAN—-A) — =(AV —A), and
F (A — B) — (=B — —A) (contraposition). (Use any appropriate method)
Now formalise the following deduction. Let A be (p A —p) V (¢ A —=q). Al6 gives
A — (A — A); so by contraposition and permutation =A — (A4 — —A). Sub-
stituting for A, we have:

“((pA=p)VI(gA—q)) — ((pA—p)VI(gA—g) — ~((pA=p)V(gA—g)))

But the antecedent is equivalent to the conjunction of two instances of Ex-
cluded Middle. Hence we can detach the consequent. This is equivalent to

(pA=p)V(gNA=q)) = (=(pA=p) A=(qgA=q)). (pA-p)— =(qA—q) follows.

“Start by showing that in R F (AV —A) < =(AA-A), F (AAN-A) «
-(AV-4), and - (A — B) — (-B — —A) (contraposition).”
Fr(AV-A) — —(AA-A)

To show this, we can show each half of the biconditional using a tree diagram.

(AV=A) = ~(AA-A), -0
AV A +1
—(AA=A), -1
AN-A, +17

A +1#
—A, 1%
A -1
/\
A+l —A 41
® A, —1#
®

~(AA=A) = (AV —=A),—0
—(AN-A),+1
AV A, -1
A, -1
—|A,—].
A +17%
AN-A —17

A, 1 —A 1
® A, +1
®

Fr (AN —A) o —(AV-A)

We can show this also by showing that each half of the biconditional holds
using tree diagrams:
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(AAN-A) — —=(AV—-A4),-0
AN-A +1
_\(A \Y ﬁA), -1
A +1
-A,+1
A, —1%
AV —A, +17%

A, +1# A +1#
® A —1
®
~(AV =4) = (AA=4),—0
-(AV-A),+1
AN-A -1
AV A, 17
A, —1#
—A, —1%#
A, 41

S
A -1 A -1
® A +17#
&
This can be shown by a short deduction:

(1) (A— —=B)— (=B — -A) A8

(2) B—-B p.193

3) (A—-B)— ((B— ——B)— (A— ——B)) A9

4 ((A—B)— ((B——-B)—(A—-B))) —

(4) ((B—-B)) = ((A— B)—(4—-=B))) (3), Permutation
(5) ((B— —-—B))— ((A— B)— (A— —--DB)) 3,4,R1

(6) (A—B)—(A——B) (2), (5) and R1
(7) ((A—-—-B)— (-B—-A))— ((A— B)— (-B——-A)) 6,R4

8) (A— B)— (=B — -4) (1), (7) and R1

“Now formalize the following deduction. Let A be (p A —p) V (¢ A —q). Al6
gives A — (A — A); so by contraposition and permutation -4 — (A — —A).
Substituting for A, we have:

“((pA=p)VI(gA—q)) — ((pA=p)VI(gA—g) — ~((pA=p)V(gA—qg)))

But the antecedent is equivalent to the conjunction of two instances of Ex-
cluded Middle. Hence we can detach the consequent. This is equivalent to

(pA=p)V(gA=q) — (=(pA=p) A=(gA=q)). (pA—p)— =(qgA—q) follows.”

Fr—A— (A — —A)
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(1) A= (A— A

(2) (A—A) — (A — A
(3)

(4)

(5) A— (mA— A

:

7)) —A - (A — -A)

Now we have established that the above is valid, we can substitute (p A—p)V

(g A —q) for A:

~((pA=p)V(gA—q) = ((pPA=p) V(g A —q)) = =((pA=p) V(g A —q)))
By De Morgan’s law, the antecedent is equivalent to =(p A =p) A =(g A —q).

Both conjuncts of this formula are logical truths, hence the conjunction is also.
The antecedent is a logical truth, so by detachment,

F=((pA=p) V(gA=g) = ((pA=p)V(gA—q) — =((pA=p)V(gA—q)))

iff

F((pA=p)VI(gA—qg) — ~((pA—p)V(gA—q))

The whole inference now reads:

F((pA=p)VI(gA—q) — (=(pA—p) A=(gA—q))

If either A or B entail C, then A entails C, and B entails C' (and possibly
both entail ('), so we can detach one half of the disjunct in the antecedent:

(A= (A—=4) = (A= A4) = (-4 —=-4) = (A= (-4 = -4))
(A= 4) = (-4 = —4) = (A= (-4 - -4))

(A= (24— -4) = (74 = (A= ~4))

(A -p) — =(pA=p) A-(gA—q)

And if A entails B and C, then A entails B — so we can take away half of

the conjunct in the consequent:

F(A-p)— —=(gA—q)

Leaving us with the conclusion.
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Contraposition
A9

(1), (3) and R1
(2), (4) and R1
Permutation.
(5), (6) and R1



7. Show that if all the worlds of an interpretation are normal, the constraints
C8-C11 hold. Infer that any logic obtained by adding to B any of A8-A11 is a
sub-logic of K,. Show that the same is not true of A12. Is it true of A13?

If all the worlds of an interpretation are normal, then for any worlds w;, w;,
Rw;wjw;.

(C8) If Rabc then Rac*b*
Suppose that Rabe. Since a is normal, b = ¢. So b* = ¢*, and Rac*b*.

(C9) If there is an x € W such that Rabr and Rxed, then there is a y € W
such that Rbcy and Rayd.

Since all worlds in the interpretation are normal, z is normal and a is nor-
mal. So Rabx means that x = b, and Rxcd means that ¢ = d. Radd because a
is normal; Racd because ¢ = d. Rbcc because b is normal. Thus ¢ is a y such
that Rbcy and Rayd.

(C10) If there is an @ € W such that Rabz and Rxed then thereisay e W
such that Rbcy and Rayd.

Assume that there is an x € W such that Rabr and Rzcd. b = x because
a is normal. ¢ = d because x is normal. Rbcc because b is normal, and Radd
because a is normal. Then, because ¢ = d, Racd. Thus c is a y € W such that
Rbcy and Rayd.

(C11) If Rabe then for some x € W, Rabx and Rxbc.

If Rabc then, because a is normal, b = ¢. Because a is normal, Rabb; because
b = ¢, Rabc. Because c is normal, Rccc. Because b = ¢, Rcbe. Thus ¢ is an
x € W such that Rabr and Rxbc.

In K., all worlds of all interpretations are normal. Thus C'8 — C'11 hold. By
10.4.6, this means that A8 — A11 hold in K. B is a sub-logic of K, so B with
the addition of any of A8 — A11 is still a sub-logic of K..

A12 does not hold in K,:

¥, p—((p—q) —q)
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p—(p—a)—q),-0
P+l
(p—aq) —aq-1
p—q+2
q.-2

q,+0

p,—0% q, +0% p, —0%# q, +0%

p.—1# q.+1# p.—1%# q,+1# p.—1# q.+1# p.—1%# q,+1#

p,=2% g +2% p 2% g 42% p 2% g 2% p 2t g 2% p 2 g 2% p 2 g 42% p 2 g 2% p 2 g 2%

Countermodel taken from the open left-most branch as below:

wy wi w2 w; W] w;
-p +p —p —-p —p P
+q —q

Let us check that this interpretation works:

p — q is true at all worlds, but ¢ is false at wq, so (p — ¢q) — ¢ is false at
wi. p is true at wy, so the whole sentence is false at wy.

A13 also does not hold in K,:

Fr,pV-p

-p, _0
p, +07%

Counter-model taken from the open left-most branch as below :
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wo W
-p +p

Let us check that this interpretation works:

p is not true at wg, but since p is true at wé# , p is not true at wq either.
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8. (Another exercise for masochists.) Show that all the axioms of R are
valid in the following many-valued logic, and that all the rules of R preserve
validity; hence, that R is a sub-logic of the logic. The values of the logic are the
integers, together with a new object co. All but 0 are designated. The logical
operators are defined as follows:

=0 = 00; =00 = 0; —a = —a otherwise
ONa=aAN0=000Na=aNoco=a
OVa=aV0=a,00Va=aVoo=0oc0
0—a=a—oc0=o00;ifa#0,a—0=0,if a # co,00 >a=0

if @ and b are positive integers then:

if a divides b, a — b = b/a;otherwise, a — b =0
a A'b is the greatest common divisor of a and b
a V b is the least common multiple of a and b

if @ and b are negative integers then:

aNb=—(—aV —b)
aVb=(—aA-=b)
a—b=—-b— —a

if @ is a negative integer and b is a positive integer, then:

a—b=0;b—a=hb.a
aANb=bAa=D
aVb=bVa=a

I will go through the axioms of R (Al - A12, R1 and R2) to show that they
are valid in this many valued logic.

It will be helpful to note first some facts about the Greatest Common Divi-
sor (GCD) and the Lowest Common Multiple (LCM):

The GCD of any two numbers is calculated by expressing both as multiples
of their prime factors, and multiplying together the common prime factors.

The LCM of any two numbers is calculated by expressing both as multiples
of their prime factors, and multiplying one by the non-common prime factors of
the other.

Further, the GCD and LCM are closely related:
(1) GCD(A,B)-LCM(A,B)=A-B
Thus, by distributivity,
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(2) GCD(A,LCM(B,C)) = LCM(GCD(A, B),GCD(A,())
and

(3) LCM(A,GCD(B,C)) =GCD(LCM(A,B),LCM(A,C))
Finally, If m is a nonzero common divisor of A and B, then

cop(A By _ GCDAB)
m m m

These facts will be referred to in the proofs below.
(A1) A— A

Suppose this were undesignated. Then it takes the value 0. For —, this
happens in one of four cases: (i) A # 0 and B =0 (ii) B # oo and A = oo (iii)
A and B are both positive, and A does not divide B (iv) A is negative and B
is positive. All of these possibilities imply that the value of the consequent is
different to the value of the antecedent, but since they are both A, this cannot be.

(A2) A— (AV B)
Suppose this were undesignated. Then it takes the value 0. For —, this hap-

pens in one of four cases: (i) A # 0and B =0 (ii) B # oo and A = oo (iii) A and
B are both positive, and A does not divide B (iv) A is negative and B is positive.

In the case where A # 0 and AV B = 0, the consequent is 0V 0, so A = 0.

In the case where A = 0o, AV B # oo, the consequent is oo V B, so its value
is oo.

In the case where A and A V B are positive and A does not divide A V B,
AV B is the LCM of A and B, so A must divide A V B.

In the case where A is negative, and A V B is positive, either B is positive
or negative. If B is positive, then (AV B) = A, so AV B is negative. If B is
negative, then (AV B) = —(—A A —B). So, it is the negation of the LCM of
positive A and B, hence it is negative.

(A3) (AAB) — A

Suppose this were undesignated. Then it takes the value 0. For —, this hap-
pens in one of four cases: (i) A # 0and B =0 (ii) B # oo and A = oo (iii) A and
B are both positive, and A does not divide B (iv) A is negative and B is positive.

In the case where AAB # 0 and A = 0, the antecedent is 0A B, so its value is 0
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In the case where A A B = oo, A # 00, the antecedent is co A oo, so A = oo.

In the case where A A B and A are positive and A A B does not divide A,
AN B is the GCD of A and B, so A A B must divide A.

In the case where A A B is negative, and A is positive, B is either positive
or negative. If B is positive, then A A B is the LCM of positive A and B, so
A A B is positive. If B is negative, then (A A B) = A, hence A A B is positive.

(Ad) AN (BVC) — (AAB)V(AAC))

Suppose this were undesignated. Then it takes the value 0. For —, this hap-
pens in one of four cases: (i) A # 0and B =0 (ii) B # oo and A = oo (iii) A and
B are both positive, and A does not divide B (iv) A is negative and B is positive.

In the case where (AA(BVC)) #0and (AAB)V(AAC)) =0, (AAB) =0
and (AANC))=0,s0 Aor (Band C) = 0. If A =0 then the antecedent is 0. If
(B and C) = 0, then (B V C) = 0, so again the antecedent is 0.

In the case where (AN (BV C)) = o0, (AANB)V (ANC)) # oo, both A
and BV C are co. So either B or C' is co. If B is oo, then A A B is oo so the
consequent is co. If C'is oo then A A C'is 0o so the consequent is oco.

In the case where the antecedent and consequent are positive, and the an-
tecedent does not divide the consequent, the antecedent is the GCD of A and
(the LCM of B and C). While the consequent is the LCM of (the GCD of A
and B) and (the GCD of A and C).

Clearly then, A4 is an instance of (2) above: GCD(A,LCM(B,C)) =
LCM(GCD(A, B),GCD(A,C)). The antecedent and consequent are equal to
one another, therefore the antecedent divides the consequent.

In the case where AA (B V C) is negative, and (AA B) V (A A C) is positive,
the consequent is GCD(A A B, AAC), and from the antecedent, A and BV C
are negative. Hence one or both of B and C' are negative. But then one or both
of AN B and A A C' are negative, so the consequent is not a GCD.

(A5) (A= B)AN(A—C)) = (A— (BA())

Suppose this were undesignated. Then it takes the value 0. For —, this hap-
pens in one of four cases: (i) A # 0and B =0 (ii) B # oo and A = oo (iii) A and
B are both positive, and A does not divide B (iv) A is negative and B is positive.

In the case where ((A — B)A (A — C)) #0 and (A — (BAC)) =0, the
consequent is a conditional, so there are four further possibilities:

34



A#0,(BANC)=0,(BAC) # 00,A =00, Aand BAC are positive, and A
does not divide B A C, or A is negative, and B A C' is positive.

If A#0,(BAC) =0, then B or C is equal to 0. Since A # 0, (A — B) =0
or (A — C) =0. In either case, one of the conjuncts in the antecedent is equal
to 0, therefore the antecedent is equal to 0.

If (BAC) # 00, A= 00, then B # 0o and C' # oo. But then (A — B) =0,
and so does the antecedent.

If BAC and A are positive, and A does not divide B A C, then either one or
both of B and C' are positive. If both are positive, (B A C) = GCD(B,(C). So,
A does not divide GCD(B,C). So A does not divide either B or C. But then
(A— B)=0or (A— C) =0, and so does the antecedent. If only one of B
and C is positive, for instance, B, (B A C) = B. So A does not divide B. But
then (A — B) = 0. The case is similar for C.

If A is negative and B A C' is positive, then one or more of B and C' is
positive. If either are positive, then one of the conditionals in the antecedent is
equal to 0, and so is the antecedent.

In the case where (A — (BAC)) =00, (A — B) A (A — C)) # oo, either
A=0or (BAC)=co. In the first case, (A — B) = oo and (A — C) = oo,
s0 (A — B) A (A — C)) = co. In the second case B and C are equal to oo,
therefore again both conjuncts of the antecedent, and the antecedent itself, are
equal to oo.

In the case where antecedent and consequent are positive, and ((A — B) A
(A — (C)) does not divide (A — (B A (C)), there are three propositional param-
eters, and hence eight ways in which the parameters could be assigned positive
or negative values:

|4+ e
|+ +|w

|
I+ + |
T+ 1+ 1 + 1 +Q

(+,+,+)

The antecedent is GCD((A — B),(A — C)). Since all parameters are pos-
itive, and the antecedent is as well, A divides B, and A divides C. So the
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antecedent is GC’D(%, %) Since the consequent is positive, the A divides the
GCD of B and C, and the consequent becomes %. A is a non-zero

common divisor of B and C, so GCD(Z,$) = %. So the antecedent
divides the consequent.

(+a+a_)

C is negative, so A — C'is A-C, in other words, negative, and the antecedent
is equal to A — B. But B A C is equal to B, so the consequent is also A — B,
hence the antecedent divides the consequent.

(+a_a+)

B is negative, so A — B is A - B, in other words, negative, and the an-
tecedent is equal to A — C. But B A C' is equal to C, so the consequent is also
A — (), hence the antecedent divides the consequent.

(+a_a_)

B and C' are negative, so both conjuncts in the antecedent, and the an-
tecedent itself, are negative.

In the remaining cases, A is negative, so (A — B) = 0 and the antecedent
is equal to O.

If the antecedent is negative, and consequent positive, then either one or
both conjuncts in the antecedent are negative. If A — B is negative, then one
of A or B is negative. If A is negative, then the consequent is equal to 0. If B
is negative, then the consequent is equal to A — 0, which again is equal to 0.
If both are negative, the consequent is equal to co. If A — C' is negative, then
one of A or C is negative. We have already shown that A cannot be negative.
If C is negative, then, as for B, the consequent is equal to 0. And again if both
are negative, the consequent is equal to co. If both conjuncts are negative, then
the above reasoning shows the consequent not to be positive.

(A6) (A—=C)AN(B—=C))— ((AVvB)—C)

Suppose this were undesignated. Then it takes the value 0. For —, this hap-
pens in one of four cases: (i) A # 0and B =0 (ii) B # oo and A = oo (iii) A and
B are both positive, and A does not divide B (iv) A is negative and B is positive.

If ((A—=C)AN(B —C))#0and (AV B) — C) =0, the consequent is a
conditional, so there are four further cases:

((AVB)#£0,C=0), (C# o0, (AVB) =00), AV B and C positive; AV B
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does not divide C, AV B negative; C' positive.
If(AVB) # 0, and C = 0, then (A — C) = 0, so the antecedent is equal to 0.

If C # oo, and (AV B) = oo, then A or B is equal to co. If it is A, then
(A — C) =0, and so does the antecedent. If it is B, then (B — C') = 0, and so
does the antecedent.

If AV B and C are positive, and AV B does not divide C', then A or B is
positive. If A is positive, then (AV B) = A, so A does not divide C. But then
(A — C) =0, and so does the antecedent.

If AV B is negative and C is positive then, A or B is negative. If A is
negative, then (A — C') = 0, and so does the antecedent. If B is negative, then
(A — B) =0, and so does the antecedent.

If (AVB)—C)#oo0and (A— C)A (B — C)) = o0, then both A — C
and B — C equal co. Hence either C is equal to oo, or A and B are equal to
0. In the first case, the consequent becomes (A V B) — oo, hence it is equal
to co. In the second case the consequent becomes 0 — C, hence it is equal to occ.

If antecedent and consequent are positive, and A does not divide B, there
are three propositional parameters, and hence eight ways in which the parame-
ters could be assigned positive or negative values:

I+ +|®

|+ + +
L+ L+ +HQ

[
I+ + |
I+

(+,+,+)

Since the antecedent is positive, both conjuncts are positive, so A divides
C and B divides C, and since the consequent is positive the LCM of A and
B divides C. Which means the antecedent becomes GCD(5,%), while the
Gcg.(i,B)’ LCMCEA,B) = % ’
GCD(A, B). Hence, the consequent equals GCD(%, %’g), which equals the
antecedent. Hence the antecedent divides the consequent.

consequent is #(AB). Since LCM (A, B) =
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‘(+a+a_)a (+7 B _)a (_a +, _)7 (_a _a _) ‘

In all these cases, C'is negative, so A — C and B — C are negative, meaning
the conjunct is negative.

‘ (+a > +)7 (_7 B +)‘

In these cases, B is negative, so (B — C) = 0, meaning the antecedent
equals 0.

(_a +, +)

In this case, A is negative so, as for B, (A — C) = 0, meaning the antecedent
equals 0.

The remaining case where all three are negative is clearly contradictory from
the above.

If the antecedent is negative, and the consequent is positive, then both con-
juncts in the antecedent are negative. So, A is negative, and B and C' are
positive. But then, (AV B) = A, so the consequent is (A — C') = 0.

(A7) A — A

Suppose this were undesignated. Then it takes the value 0. For —, this
happens in one of four cases: (i) A # 0 and B =0 (ii) B # oo and A = oo (iii)
A and B are both positive, and A does not divide B (iv) A is negative and B
is positive. All the above cases imply that the antecedent and consequent take
a different value, but this cannot be.

(A8) (A — —B) — (B — —A)

Suppose this were undesignated. Then it takes the value 0. For —, this hap-
pens in one of four cases: (i) A # 0and B =0 (ii) B # oo and A = oo (iii) A and
B are both positive, and A does not divide B (iv) A is negative and B is positive.

If (A— —B) # 0 and (B — —A) = 0, since the consequent is a conditional,
there are four more possibilities:

B # 0and A =0, =A # oo and B = 0o, B and —A are positive, and B
does not divide = A, B is negative and —A is positive.

If B#0and =A =0, A =o00. 7B # 00, so the antecedent is equal to 0.

If =A # 0o and B = co, =B = 0 and A # 0, so the antecedent is equal to 0.
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If B and —A are positive, and B does not divide ~A, A and =B are negative,
so(A—-B)=(A4A— -B)=(——-B— —-A) = (B — —A) = (B — -4).
The antecedent and consequent are equal, so the antecedent must divide the
consequent.

If B is negative and —A is positive, then =B is positive, and A is negative,
so the antecedent is equal to 0.

If (B— —A) # oo and (A — —B) = 00, then B =0 or -4 =o0. If B =0,
then =B = o0, so the antecedent is equal to co. If =A = oo, then A = 0, so the
antecedent is equal to oo.

If antecedent and consequent are positive, and A — =B does not divide
B — —A, A and B cannot be oo or 0, so they are either positive or negative.
Further, because one parameter is negated in each conditional, only pairs of A
and B with different polarities will come out positive. There are two cases:

Then B — —Ais — — —, so it is equal to —(—A) — —B, which, since A
and B are integers, is equal to A — —B. Antecedent and consequent are equal,
hence antecedent divides consequent.

Then A — =B is — — —, so it is equal to —A — —(=)B, which, since A
and B are integers, is equal to B — —A. Antecedent and consequent are equal,
hence antecedent divides consequent.

If the antecedent is negative, and the consequent is positive, then A — —B
is negative, so A is positive, and =B is negative. Hence B is positive, and — is
negative. But then the consequent is + — —, and hence negative.

(A9)(A—-B)—» ((B—-0C)—(A—=0))

Suppose this were undesignated. Then it takes the value 0. For —, this hap-
pens in one of four cases: (i) A # 0and B =0 (ii) B # oo and A = oo (iii) A and
B are both positive, and A does not divide B (iv) A is negative and B is positive.

If antecedent is not equal to 0, and consequent is, then the conditional
(B— C) — (A— C)is equal to 0, so there are four further cases:

If (B—C)#0,(A— C)=0,then A — C, so there are four possibilities
for A and C:

If A# 0 and C = 0, then, either B # 0 or B = 0. In both cases, the
antecedent A — B is equal to 0.
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If C # oo and A = oo, then either A # oo or A = co. In the first case the
antecedent is equal to oo, in the second case, to 0.

If A and C are positive, and C does not divide A then, either B is positive
or negative. If it is negative, then the antecedent is + — —, and hence equal to
0. If it is positive, A — B is + — +, and so equals 0 or % (clearly it cannot
equal 0). B — C is + — + and so, since it cannot equal 0 without making
the consequent equal to oo, it is %. So, the consequent becomes % — %. The
stipulation above becomes % does not divide %, but clearly it does. Some basic

algebra shows us that:

¢ B_B
A'cT A

Akl

We already have the fact that % is an integer.

If A is negative, and C' is positive, then B is either positive or negative. If
it is positive, the antecedent is — — +, and hence 0. If it is negative, B — C'is
— — +, hence equal to 0. But then the consequent is 0 — a, and hence equal
to oo.

If (A— C) # o0, (B — C) = oo then, either B = 0 or C' = co. In the first
case, A — B becomes A — 0. Either A = 0 or A # 0. In the first case the
antecedent equals co. In the second case, the antecedent equals 0. If C' = oo,
then the antecedent is oo.

If (B — C) and (A — C) are positive, and the former does not divide the
latter then, there are 8 cases for distribution of positivity and negativity:

A B C
+ + +
+ + -
+ -+
+_ —
- 4+ +
__|_ —
- -+

We can rule out the cases where only one of B and C, or only one of A and
C are negative, since these will make one of the conditionals negative.
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Hence we have only one case to consider: the case where all three are nega-
tive:

So,B—C=-C——-B=
antecedent is A — B = —B —

A

:—g. — (C'is —C — —A which is %, and the
—A
_A TB.
Rationalising, the consequent is such that % does not divide %. But clearly
it does:

Qlw|Qle
Ql =
@l Q
ol

The fact that the antecedent is non-zero gives us that % is an integer.

If (B — C) is negative, and (A — C) is positive then, either both A and
C are negative, or both are positive. In the first case, if B is negative, then
B — C is positive. If B is positive, then A — B is 0. In the second case, if B
is positive, B — (' is positive. If B is negative, then the antecedent is 0.

If the antecedent is equal to oo and the consequent is not, then either A =0
or B = co. In the first case, (A — C) = oo, and so does the consequent. In the
second case, (B — (') = 00, and so does the consequent.

If the antecedent and consequent are positive, and the antecedent does not
divide the consequent then, there are 8 possibilities with regards to distribution
of polarity among the parameters, as follows:

A B C
+ + +
+ + -
+ -+
+ — —
- 4+ +
__|_ —
- -+

Since the antecedent is positive, we can disregard the cases where A and B
are not the same polarity, cutting out the middle four. So there are four cases
to consider:
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A B C
+ + +
+ o+ -
- -+

All parameters are positive, and so is the antecedent, A — B is equal to %.
The consequent is positive, so either both B — C' and A — C are positive or
negative. If they are negative, then one of the parameters in them is negative.
If they are positive, then either their antecedents divide their consequents or
not. If not, then they are equal to 0. So they are positive and their antecedents

divide their consequents, in other words they are % and % respectively. Since

<
the consequent is positive, this equals é, which equals % . g, which equals %.

The antecedent and consequent are equal, therefore the antecedent divides the
consequent.

A is positive, and C' is negative, so A — C' is A-C. B is positive and C' is

negative, so B — C'is B-C. A-C and B - C are negative so A-C — B-(C'is

—(B-C) — —(A-C). The consequent is positive, so it is equal to :gg:gg =4,

The antecedent is also positive, and both A and B are positive, so it equals %.

B Jivides A.
7 divides 5:

A2

2 . . .
A — A and if % is a whole number, %5 is also.

"B — B

el
o[RS

y Ty +
B is positive, and C negative, so B — C'is equal to C'- B. A is negative and
C' is positive, so A — C is equal to 0. C'- B is not equal to 0, so the consequent
is 0.

All parameters are negative, so the antecedent is —B — —A =

:—g = %. The consequent is (—C' — —B) — (—C — —A). Since the consequent
is positive, neither half can be equal to 0, so this becomes :g % = % — %.

A
. . o . . . c A C o A
Since the consequent is positive, this is equal to % = &5 = 5~ The antecedent

and consequent are equal, therefore the antecedent divides the consequent.

If the antecedent is negative, and the consequent is positive, then A — B is
negative. So, either A or B is negative. The consequent is positive, so neither
B — C nor A — C is negative. By looking at the possible distributions of
polarity, we can see that this case is contradictory:
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|+ 4+
|+ +|w

I+ + 1

I+ 1+ 1 + 1 +|Q

The cases where both A and B are positive or negative (the first two and
last two) can be disposed of, as can the cases where either but not both of B, C
(the seventh and third) and A, C (the fourth and fifth) are negative . There are
no remaining cases.

(A10) (A— B) — ((C — A) — (C — B))
Suppose this were undesignated. Then it takes the value 0. For —, this hap-

pens in one of four cases: (i) A # 0and B =0 (ii) B # oo and A = oo (iii) A and
B are both positive, and A does not divide B (iv) A is negative and B is positive.

If (A— B) #0,(C - A) — (C — B)) = 0 then there are four further

cases:

[(C— 4)#0,(C— B)=0]

Since C' — B is equal to 0, there are four further cases.

If C' is not equal to 0 and B is equal to 0, then A is either equal to 0 or not.
If it is equal to 0 then, C' — A is equal to 0, and the consequent is equal to co.
If it is not equal to 0 then the antecedent is equal to 0.

If B # co and C = oo, then either A = 0o or not. If A = oo, then
(A— B) =0. If A# oo then (C — A) =0.

If C' and B are positive, and C does not divide B, then either A is positive
or it is not. If it is positive, since C — A # 0, C — A = %. And since A — B
is not equal to 0, (A — B) = Z. Since % and £ are whole numbers % B
is a whole number. But this is clearly g, so C does divide B. If A is not
positive, then it is 0, co or negative. If it is 0, then C' — A = 0. If it is co then

A — B =0. If it is negative, then C' — A is negative.
If C is negative, and B positive then, A is either 0, co, negative or positive.

In the first case, C — A = 0, in the second A — B = 0. In the third case,
A — B is 0. In the fourth case, C' — A is 0.
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[(C— B)# 00, (C— A)=o0|

Since (C' — A) = oo, either C' = 0 or A = co. In the first case, C — B is
equal to co. In the second case, A — B is equal to 0, (unless B is equal to oo,
but, if that were the case C' — B is equal to 0.)

‘ C — B and C — A are positive and the former does not divide the latter‘

Since both are positive, if C is positive, A and B are also. And if C' is neg-
ative, so are A and B. If C is positive, (C' — B) = £ and (C — 4) = %.

L. ¢ — B Thus % is not a whole number; A does not divide B. But

c A A
then A — B is equal to 0. If C is negative, (—B — —C) = :—g = % and
(—A — -C) = % = %. % . % = %. Thus % is not a whole number; B does

not divide A; —B does not divide —A. But then —B — — A is equal to 0.

‘ C — B is positive and C' — A is negative‘

Since C' — A is negative the polarity of C' and A must be different. So either
C' is positive and A negative, or vice versa. In the first case, B is either positive
or negative (the cases where B is anything else were dealt with above). If B is
positive, A — B is equal to 0. If it is negative, C' — B is equal to C' - B, and
is hence negative. In the case where A is positive, and C negative, again B is
either positive or negative. If it is positive, then C' — B is negative. If it is
negative, then C' — A is positive.

If ((C—A)— (C— B))#o00,(A— B)=o00then, A=0,0r B=oc. In
the first case, either C' = 0 or not. If C' = 0, (C — B) = oo, and so does the
antecedent. If C' # 0 then (C — A) = 0, and the antecedent is equal to co. In
the second case, (C'— B) = oo and so does the antecedent.

If A— Band (C — A) — (C — B) are positive and A — B does not divide
(C — A) — (C — B) then, since antecedent and consequent are conditionals,
both both halves must be either positive or negative. (If either or both are 0 or
oo the whole will not be positive, and if one is positive and one negative, the
whole will be negative or 0.)

So we have four possibilities:

A,B (C— A),(C— B)
+ +

+ —

- +
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A and B are positive, as is C — A, thus C is also positive. So, the an-

B .
tecedent is %, and the consequent is § = g . % = %. Since antecedent and
c

consequent are equal, antecedent divides consequent.

A and B are positive, but C' — A is negative. Looking at the definition of
negative — we can see that this situation is impossible.

_’+

A and B are negative, but C — A and C — B are positive. Thus C is
negative, and (A — B) = %, C— A %, C — B= %. Thus the consequent
is % . % = %, and the antecedent is 4. Since antecedent and consequent are

equal, antecedent divides consequent.

[~-]

A and B are negative, and so are C — A and C' — B. Thus C is positive,

and C' — A and C — B are equal to C - A and C - B respectively. The an-
tecedent is equal to %. And the consequent is equal to % = %. Antecedent
and consequent are equal, so antecedent divides consequent.

A
B

If A — B is negative and (C — A) — (C' — B) is positive then, either A or
B is negative (but not both), and either both C' — A and C' — B are positive,
or they are both negative. So we have four possibilities:

We can see that in all four cases, because the polarities of A and B are

different, and because both sides of the conditional involve C, the sides of the
conditional will have different polarities. But this is not the case.

(A1l) (A—- (A—B)) = (A— B)

Suppose this were undesignated. Then it takes the value 0. For —, this hap-
pens in one of four cases: (i) A # 0and B =0 (ii) B # oo and A = oo (iii) A and
B are both positive, and A does not divide B (iv) A is negative and B is positive.

If (A— (A— B))#0,(A — B) =0 then, there are four further possibili-
ties:

If A+#0,B =0, then the antecedent is equal to 0.
If A =00, B # oo, then the antecedent is equal to 0.

If A, B positive, and A does not divide B, then the antecedent is equal to
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2 . . . . oA2 .
= %. Since % is not a whole number, neither is %, thus the antecedent is

B
A
A
equal to 0.

If A is negative, and B is positive, then A — B is equal to 0, and A is not
equal to 0, so the antecedent is equal to 0.

If (A — B) # 00,(A — (A — B)) = oo then, either A is equal to 0, or
A — B is equal to co. In either case, the antecedent is equal to oc.

If A— (A — B) and A — B are positive, and the former does not divide
the latter, then either A and B are positive, in which case the antecedent is

B
equal to 4 = % wheras the consequent is equal to %, in which case the result

when the consequent is divided by the antecedent is % . AT; = A. But Aisa

whole number by definition so the antecedent does divide the consequent.

Otherwise, A and B are negative, and the antecedent is equal to —(—B —

—A) — —A, wheras the consequent is —B — —A. So, the antecedent is

(1‘4,4) = % = B, but B is negative, so the antecedent is negative.
—(=% 5

If A— (A — B) is negative, and A — B is positive, then the polarities of
A and B must be the same, and the polarities of A and A — B must differ. So,
since A — B is positive, A, and B, are negative. But then the antecedent is
equal to 0.

(A12) A— ((A— B) — B)

Suppose this were undesignated. Then it takes the value 0. For —, this hap-
pens in one of four cases: (i) A # 0and B =0 (ii) B # oo and A = oo (iii) A and
B are both positive, and A does not divide B (iv) A is negative and B is positive.

If A#0,((A— B) — B) =0 then, there are four further possibilities:

If (A— B)#0,B =0, then the only way for A — B not to equal 0, is for
A to equal 0, but then the antecedent is equal to 0.

If (A — B) =00, B # oo, then A, the antecedent, is equal to 0.

If A— B, B positive, and A — B does not divide B, then A is also positive,
SO % does not divide B. But & = 24 = A and A is a whole number.

- B

|t

If A — B is negative, and B is positive, then A is negative, but then A — B
is equal to 0.

If (A— B) — B) # 00, A = oo then, either B = oo or not. If it does, then
the antecedent is equal to co. If it does not, then A — B is equal to 0, and the
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antecedent is equal to oo.

If A and (A — B) — B are positive, and the former does not divide the
latter, then B must be positive so, the consequent is equal to % = A; since
A

antecedent and consequent are equal, antecedent divides consequent.

If A is negative, and (A — B) — B is positive, then the polarities of A — B
and B must be the same. But if B is negative, then A — B is positive, and if
B is positive, then A — B is negative.

(R1) AJ/A— B+ B

Suppose the premises were designated, and conclusion undesignated. Then
the value of B is 0. A does not equal 0, so A — B does equal 0 and one of the
premises is undesignated.

(R2) A, BFAAB

Suppose the premises were designated, and conclusion undesignated. Then

AN B =0. So, either A or B is equal to 0, hence one of the premises is undes-
ignated.
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9. Use the results of the previous problem to show that the following do not
hold in R:

I will show the following in the many valued logic of question 8 as far as
possible. Since this is a sub-logic of that of 10.5.6, the result follows.

(a) FEp— (p —p)

The simplest countermodel is perhaps that where p is a negative integer.
Thenp — pis —p — —p=1,and so (p — (p — p)) = 0.

b)Ep—=(¢— (pNq)

The simplest countermodel is perhaps that where p = oo and ¢ is a pos-
itive integer. Then p A g equals ¢, so ¢ — (pA¢q) = q¢ — ¢ =1. p = o0,
(g— (pAq)) #0050 (p—(qg—(pAg)) =0

(c)(pAg) —=rE(@—=1)V(g—T)

Take a valuation where all parameters are positive, but p does not divide 7,
and ¢ does not divide r, but the GCD of p and ¢ does divide r. For instance
1

p=3,q=4,r=1. In this case, the conclusion is equal to 0, (since 5 and %

are not whole numbers), and hence undesignated, but the antecedent is equal
to 1 (since the GCD of 3 and 4 is 1, and } = 1), and so designated.

(A (p—=gAN(r—s)FE(p—s)V(r—q)

Take a valuation where all parameters are positive, but % and £ are not whole
numbers, while the LCM of % and 2 is. For instance p=3,¢=06,r =4,5s =8.
In this case, the conclusion is equal to 0, (since % and % are not whole num-
bers), but the antecedent is equal to 2 (since the LCM of § =2, and § = 2, is 2).

(e) ~(p—q)Fp

There is a mistake in the question - this is in fact valid in the logic of ques-
tion 8 - here is a proof:

Imagine p were undesignated - i.e. 0. Then p — ¢ is oo, and —(p — ¢) is 0 -
i.e. undesignated.

However, the above is invalid in R - I will show this by in the many valued
logic of 10.5.6 which is a sublogic of R:

Take the valuation where p = 1 and ¢ = 0. Then p is undesignated, because
all values without primes are undesignated (see p. 10.5.6). However, the value
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of p — ¢ is 0, meaning the value of =(p — ¢) is 0’, which is designated.
10. Show that the following are valid in Cg:
(a)FA> A
A> A -0

07",41

A, +1

A, -1
(b) F (A >—-=A)A (A > A)

(A> —=A) A (==A > A), -0

A>-mA -0 ——A>A -0

Oral Or—-al
A, +1 ——A, +1
——A, -1 A -1
—A, +1# —A, 1%
A -1 A 41
& &

() F(AAB)> A

(AAB) > A,—0
0ranpl
ANB,+1
A, -1
A, +1
B,+1
®

(d)A>B,A>CFA>(BAC)

A> B,+0
A>C,+0
A>(BAC),—0
OTAI
A +1
BAC, -1
B,+1
C,+1
/\
B,-1 C,—1
® ®
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(e) A, A>BFB

(fl) A—>BFA>B

A— B,+0
A>B,—0
07‘,41
A, +1
B, —1

/\
A, -1 B,+1
® ®
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11. This exercise gives a proof of the relevance of the logic B.

(a) Let L and L* be a pair of non-normal worlds such that every proposi-
tional parameter is true at L and false at L*. Suppose that R L 1 |, R 1*1 1%
and that each world accesses no other worlds. Show that every formula is true
at | and false at L*

This can be shown by a simple induction:
The atomic case requires no argument.

The cases for all connectives other than =, and — are as in the proof of their
classical truth-functionality.

For —A, suppose = A were not true at 1. Then A is not false at 1*. But, by
induction hypothesis, A is false at L*.

Suppose = A were not false at 1 *. Then A is not true at L. But by induction
hypothesis, A is true at L.

For A — B, by induction hypothesis, A and B are true at L, and false at
1*. By stipulation R L 1 1, R 1*1 1* and each world accesses no other worlds.

R 111, and A and B are true at L. Since L is not related to any other
worlds, A — B is true at L, as required.

R 1*1 1% Aistrueat 1, and B is false at L*. Thus A — B is false at L*,
as required.

(b) Let w and w* be a pair of non-normal worlds such that Rw L w and
Rw* L w*. Using part (a), show that: (i) if every parameter in A is true at w
and false at w*, the same is true of A; (ii) if every parameter in B is false at w
and true at w*, the same is true of B.

For (i) and (ii), the argument for w and w* is the same as that for 1 and
1*in 11(a).

(¢) Use this to show that if g A — C, A and C share a parameter.

Suppose A and C' do not share any propositional parameter. Then there is an
interpretation I = (W, N, R, x,v) where W = {wy, w1, w§, wi}, N = {wo,wd},
R such that Rw;wiw;, Rwiw;w] which makes every propositional parameter in
A true at w, and every parameter in C' false, hence by (b)(i) this interpretation
makes A true at w and C false at w as in (b)(i).Hence it is not the case that
A—C.

51



12. By defining suitable accessibility relations for >, modify the proof of the
previous question to show the same for > in Cg (Hint: For every non-normal
world, w, set fa(w) ={w}.)

(a) Let L and L* be a pair of non-normal worlds such that every proposi-
tional parameter is true at L and false at L*. Suppose that for all non-normal
worlds w, for all formulas A fa(w) = {w}, and that no other restrictions on >
obtain.Show that every formula is true at | and false at L*

This can be shown by a simple induction:
The atomic case requires no argument.
The cases for all connectives other than —, and — are as in the proof for C.

For = A, suppose = A were not true at 1. Then A is not false at L*. But, by
induction hypothesis, A is false at L*.

Suppose = A were not false at L*. Then A is not true at 1. But by induction
hypothesis, A is true at L.

Suppose A > B were not true at L. Then there is a world w’ such that
w' € fa(l), and B is false at w’. But the only such w’ is L itself, and by
induction hypothesis B is true at L.

Suppose A > B were not false at 1*. Then there is no world w’ such that
w' € fa(L), and B is false at w’. But L* itself is such a w’, and B is false at 1*.

(b) Let w and w* be a pair of non-normal worlds such that w € fa(L) and
w* € fa(L*). Using part (a), show that: (i) if every parameter in A is true at
w and false at w*, the same is true of A; (ii) if every parameter in B is false at
w and true at w*, the same is true of B.

For (i) and (ii) the argument is the same as that in 12(a).

(c) Use this to show that if -5 A — C, A and C share a propositional pa-
rameter.

Suppose A and C' do not share any propositional parameter. Then there
is an interpretation I = (W, N, x, v, f) such that W = {wq, w1, w§,wi}, N =
{wo,w§}, w1 € fa(wr)wr € fa(w]) which makes all parameters in A true, and
all parameters in C false. Likewise w* makes all parameters in A false, and
those in C' true. By (b)(i), w makes A true, and C false. Hence it is not the
case that A — C.
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13. Let D(n) be the disjunction of all formulas of the form p; < p; for all
¢ and j such that 0 < i < j < n. Using the interpretation of problem 8, show
that for all n, D(n) is not logically valid in R. Hence show that neither R nor
any weaker relevant logic is finitely-many valued. (Hint: See the similar proofs
for modal and intuitionist logics, 7.11.1-7.11.4.)

Definition: Let A «» B be (A — B) A (B — A).
Lemma: For nonis D, alogical truth of any relavent logic weaker than R.

I will simply show the result in the many valued logic of question 8, that R
has been shown to be a sub-logic of. Clearly if the result holds in that logic, it
will hold in the weaker R.

(Is this true - it would seem to be disproven by the example we found above
which was invalid in R, and valid in the many valued logic of question 8!)

D, 11 is the disjunction of all sentences of the form (p; — p;) A (p; — pi),
where 1 < ¢ < j < n+ 1. There is an interpretation where p; takes the number
i, (and p; the number j). This interpretation makes all disjunctions in D41
undesignated, and hence D,,; itself undesignated also.

To see this, simply note that if a divides b, a — b = b/a; otherwise a — b
= 0. Clearly since p; and p; are distinct, one of them is a lower number than
the other. One of the conjunctions will have the lower number on its LHS (e.g.
2 — 3), and this will always make one conjunction equal to 0. If one of the
conjunctions is equal to 0, the whole conjunction is also. since thi sis true for
any ¢ and j, for any n the interpretation where p; = ¢ and p; = j shows D,, to
be invalid.

Theorem: No relevant logic weaker than R is a finitely many-valued logic.

Suppose that there were such, and that it had n truth-values. Since we have
A2in RER A— (AVB),AFER (AV B) and,

(i) whenever A€ DAV B €D
Since we have A3 in R, Fr (AANB) — A, ANBER A and,
(ii) Whenever AANB € D, A€ D.

(and the same for B in both cases). Moreover, since Fr p — p, Er p <> p:
(iii) for any z € V, f_(z,x) € D.

Now consider any interpretation v. Since there are only n truth values, for

some j and k such that 1 < j < k < n+1, v(p;) = v(pr). Hence by (iii)
v(p; — pi) € D, and v(py — pj) € D. By (ii), v(pr < p;) € D, and by (i),
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v(Dyp41) € D. Thus D,,41 is logically valid in R, which it is not by the preceding
lemma.

15. *Check the details omitted in 10.8.
10.8.2 Check the cases for T8 - T11 in the Soundness Lemma for B+C8-C11.

T8: Suppose that rzyz appears on b, and that we apply the rule to get rxzy.
By assumption Rf(z)f(y)f(z), so by C8 Rf(x)f(z*)f(y*), as required.

T9: Suppose that rryz and rzuv appear on b and that we apply the rule to
get rauj, ryjv. By assumption, Rf(z)f(y)f(z), and Rf(2)f(u)f(v), so by C9,
Rf(x)f(u)f(j) and Rf(y)f(j)f(v), as required.

T10: Suppose that rxyz and rzuv appear on b, and that we apply the rule
to get ryuj, raju. By assumption, Rf(z)f(y)f(2), and Rf(z)f(u)f(y), so by
C10, Rf(x)f(u)f(j) and Rf(z)f(j)f(v), as required.

T11: Suppose that rxyz appears on b, and that we apply the rule to get
rayj,rjvz. By assumption, Rf(z)f(y)f(z), so by C11, Rf(x)f(y)f(j) and
Rf(j)f(y)f(z), as required.

Check that each of the constraints C8-C11 is satisfied, given that the appro-
priate rule is in force.

C8: Suppose that T8 has been applied. Then rzyz appears on the branch,
and so does rzzy. By induction hypothesis, Rw,wyw, and Rw,wlwy, as re-
quired.

C9: Suppose that T9 has been applied. Then rzyz appears on the branch,
and so does rzuj, ryjv. By induction hypothesis, Rw,wyw. and Rwzw,w;, and
Rwywjw,, as required.

C10: Suppose that T10 has been applied. Then rxyz appears on the branch,
and so does ryuj, rzjv. By induction hypothesis, Rw,wyw, and Rwyw,w;, and
Rw,wjw,, as required.

C11: Suppose that T11 has been applied. Then rxyz appears on the branch,
and so does rzyj, rjvz. By induction hypothesis, Rw,w,w, and Rwyw,w;, and

Rwzwjw,, as required.

10.8.2b Check the new rules of 10.4a.3 in the Soundness Lemma for the
tableaux for content-inclusion.

Suppose that the rule to add z < z to the branch is applied to b. If x < =
is added to the branch, f(z) C f(x) since C is reflexive, as required.
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Suppose that x < y and y < z appear on b, and that the rule to add = < z
is applied. By induction hypothesis, w, T wy, and w, C w,, so if vy, (p) = 1,
Uy, = 1, and if v,,, = 1 then v,,, = 1. Thus if vy, (p) = 1, vw, = 1, as required.

Suppose that < y and p, +x appear on b, and that the rule to add p, +y
is applied. By induction hypothesis, w, T wy, so if vy, (p) = 1, vy, = 1, and
Vw, (p) = 1. Thus vy, (p) = 1, as required.

Suppose that x =< y appears on b, and that the rule to add § < Z is applied.
By induction hypothesis, w, T wy, so if vy, (p) = 1, vy, = 1. Thus if vy =1,
vyr =1, as required.

Suppose that x < y and ryzw and that the rule to split the branch with z
and z = w, or T, and rzzw, is applied. By induction hypothesis, w, C w, and
Rwyw.wy, so if vy, (p) = 1, vy, = 1. By clause 3, w, is either normal or not.
If it is normal, then w, C w,,, and I is faithful to the left branch. If it is not

normal, then Rw,w,w,,, and I is faithful to the right branch, as required.

Suppose that the rule to add $0 to the branch is applied to b. wq is normal,
as required.

Suppose that $z appears on b, and that the rule to add rzyy is applied. By
induction hypothesis, w, is normal. Thus for any y, Rw,wyw,, as required.

Suppose that $z and rxyz appear on b, and that the rule to add y = z is
applied. By induction hypothesis, w, is normal, and Rw,wyw,, so w, = w,, as
required.

10.8.2d: Check that the induced interpretation has the right property in
each case for each content-inclusion rule T12-T16.

Suppose that T12 has been applied on b. By induction hypothesis, Rw,w,w.,
so by C12, for some w, such that w, C w;, Ruwpw,w., as required by C12.

Suppose that T13 has been applied on b. By induction hypothesis, w, is
normal, and w} C w,, as required by C13.

Suppose that T14 has been applied on b. By induction hypothesis, either w,
is normal, in which case w; T ws, or wy is non-normal, in which case Rw,wjws,

as required by C14.

Suppose that T15 has been applied on b. By induction hypothesis, Rw,w,w.
and w, C w,, as required by C15.

95



Suppose that T16 has been applied on b. By induction hypothesis, Rw,w,w.,
and either w, C w,, or w, C w,, as required by C16.
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