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1. Complete the details left as exercises in 9.4.1, 9.4.2, 9.6.6, 9.6.9, 9.6.10
and 9.7.10.

9.4.1 Show that Fg, p — (¢ V —¢q) and ¥k, (p A—p) — ¢
Fr,p—(qV—q)
p—(qV—q),-0

p,+1
qV—q,—1

Counter-model such that:

W = {wo, w1 }; ppuw, 1

This can be represented in the following diagram:

Wo w1
+p
—q

—q

Let us check that the interpretation works:

p is true at wy, however both ¢ and —q are untrue, therefore p — (¢ V —q) is
not true at wy.



Fr, (pAN-p)—q

(pA=p) —q,—0
pA—p,+1
Qa_]-
p,+1
—p, +1

Counter-model such that:

W = {w07 wq }; PPw, 1,prl 0

This can be represented in the following diagram:

+p
+-p

Let us check that the interpretation works:

Both p and —p are true at wy, making p A —p true there. However ¢ is not
true at wy so (p A =p) — ¢ is not true at wo.

9.4.2 Show that in Ky, (if F = A then F A — B) does not hold.

Consider the case where A = —=(p — p) and B = ¢q. Then F —A:

_‘_'(p - p)a -0
p—p,—0
p,+1
p,—1
&

However, ¥ A — B:

=(p—p) —¢,—0
—(p —p),+1
q,—1
p,+2
-p, +2

The counter-model defined by this tablueau can be depicted as follows:
wo w1 wWa

—q  +p
+-p



Since p is both true and not true at wq, p — p is false, and —(p — p) is true,
at wy. However ¢ is not true at wy, so =(p — p) — ¢ is not true at wy.

9.6.6 In K., Fp— (¢ —q)

p—(qg—q),-0
p,+1
q—q,-1
q,+2
q, -2
®
9.6.9 K, and N, validate contraposition: p — ¢ F —~¢ — —p

The below tableau shows this for both K, and N,.

p—q,+0
—\q e —\p7 —0

9.6.10 Show that the relation semantics (normal and non-normal) verify
pPA—GE=(p—q).

The same tableau shows this for relational K4 and relational Ny

p A —q,+0
_‘(p - Q)v -0
p,+0
—q, 40
P
p,—0  —q,+0
® ®



9.7.10 Take a * interpretation < W, N, x,v > where W = {wg, w1, wa}; N =
{wo}, w§ = wo, wj = wa, ws = wy; for every propositional parameter or condi-
tional, D in A, vy, (D) = 1 and vy, (D) = 0; for every propositional parameter
or conditional, D, in B, vy, (D) = 0, and vy, (D) = 1. Check that v,, (4) =1,
and vy, (B) = 0, and hence show that v,, (4 — B) = 0.

We must show that, for every formula C' made up of parameters and con-
ditionals in A, vy, (C) = 1 and vy, (C) = 0 (and for every formula E in B,
Uy, (E) = 0 and vy, (E) = 1. This can be shown in an induction on the com-
plexity of A and B similar to that of 9.7.9.

The basis case is that of parameters and conditionals, and is true by stipu-
lation.

The other cases are for A and B of the form -C', C' A D, and C' V D.

For A, by induction hypothesis, v,,(C) = 0. Since ws is the star world of
Wy, Uy, (0C) =1 as required.

For B, by induction hypothesis, v,,(C) = 1. Since wy is the star world of
w1, Uy, (MC) = 0, as required.

For A, by induction hypothesis, v,, (C) = 1, and v,, (D) = 1. So, vy, (C' A
D) =1, as required. By induction hypothesis, vy, (C) = 0 and v, (D) = 0, so
Vo (C' A D) =0, as required

For B, by induction hypothesis, vy, (C') = 0, and vy, (D) = 0. S0, vy, (C' A
D) = 0, as required. By induction hypothesis, vy, (C) = 1, and vy, (D) = 1.
Thus vy, (C' A D) = 1, as required.

For A, by induction hypothesis, vy, (C) = 1, and vy, (D) = 1. S0, vy, (C'V
D) =1, as required. By induction hypothesis, vy, (C) = 0 and v, (D) = 0, so
Vo (C'V D) =0, as required

For B, by induction hypothesis, vy, (C') = 0, and vy, (D) = 0. S0, vy, (C' V
D) = 0, as required. By induction hypothesis, v, (C) = 1, and vy, (D) = 1.
Thus vy, (C'V D) = 1, as required.



Since all sentences are built from propositional parameters, conditionals, and
the above extensional connectives, and we have seen that no matter which of
these are used, if A and B are as stipulated, vy, (A) = 1, and vy, (B) = 0,
V(A — B) =0

2. Show the following in K4 (where A < Bis (A — B) A (B — A)):

(a)FA— A
A— A -0
A, +1
A, -1
b2
(b)F A« —-—A

FA—-—A)A (A — A)

(A — —=A) A (~=A — A),—0

A——-—A,-0 ——A—A -0

A+l A, 41
A, 1 A1
A1 A +1
® ®

()F(AAB)— A

(d)-A— (AV B)



(€)F (AA(BVC)) < ((AANB)V(AAC))
F (AA(BVC)) — (AAB)V(AAC))A(((AAB)V(AAC)) — (AA(BVC)))

(AN(BVC) = (AANB)VANO))AN((AAB)V(ANC)) — (AN(BV())),—0

(AN(BVCO))— (ANB)V(ANC)),—0 (AAB)V(AANC)) — (AN (BV(O)),0

AN(BVC),+1 (ANB)V (ANC),+1
(AANB)V(ANC), -1 AN(BVC), -1
A, +1
BV C,+1
ANB, -1 ANB,+1 ANC,+1
ANC, -1 A, +1 A, +1
B,+1 C,+1
B,¥1 C,+1 A,(Ec, . A,mc, 1
N /\ ® B, —1 ® B, -1
A4,-1 B-1 474 B, -1 C,—1 C,—1
® ® & N & ®
A,-1 C,—1
®

(f)A—-BA—-CFA— (BAC)

A — B, 40
A—C,+0
A— (BANC),—0
A +1
BAC, -1

B,~1 C -1
/\
A=l B+l 47

B, +1
® ®

® /\
A -1 C,+1

& ®



() A—C,B—CkF(AVB)—C

A—C,+0
B — C,+0
(AVB)—C,—-0
AV B, +1
C,—1

A+ B, +1

A1 O+l A Coil
® ®
B, -1 C,+1
® ®

(h) A—CF(AAB)—C

A—C,+0
(AANB) — C,—0
ANB,+1
C,—1
A +1
B,+1

/\
A1 041
® ®

HF(A—=BAA—-C)— (A= (BANQ))

(A-B)A(A—=C)) —-(A— (BAC)),-0
(A= B)AN(A—C),+1
A— (BNC),—1
A— B,+1
A—C +1
A, 42
BAC, -2

B,-2 C,—2

/\
AT2 B+2 {\BH
® ® b b

® /\
A -2 C,+2

® &



HOF(A—-=C)A(B—-C))—((AVB)—0(C)

(A—=C)AN(B—=C))—= ((AVvB)—(),—0
(A—=C)AN(B—C),+1
(AVB)—C,—1
A—C,+1
B — C,+1
AV B, +2
C, -2

(k) A-BF(B—-C)—(A—=0C)

A — B,+0
(B—C)—(A—C),—0
B —C,+1
A—C -1
A, +2
C,—2

A, =2 B,+2
® /\
B,—-2 (C,+2

() A—-BF(C— A)— (C — B)

A— B,+0
(C—A)— (C—B),—0
C— A +1
C— B,—1
C,+2

B, -2
/\
A, =2 B, +2

/\ ®
C, =2 A +2
& &



(m) A-B,B—-CFA—-C

A— B,+0

B — C,40

A—C, -0
A +1
C,—1

A -1 B, +1

® /\
B,—-1 C,+1

& &

3. Show that the following are not true in K4 and specify a counter-model.
(a) ¥ (pA(-pVa) —q

(pA(=pVaq)—q,—-0
pA(mpVa),+1
Qa_]-

p, +1
-pVq,+1

-p,+1 ¢, +1
®

Counter-model such that:

W = {wo, w1 }; ppw, 1, Dpw, 0

This can be represented in the following diagram:

Let us check that the interpretation works:

p is true at wq, as is —p, making p A (—p V ¢) true at wq. ¢ is not true at w;.
Therefore the conclusion (p A (=p V q)) — ¢ is not true at wo



(b) (pAg) = rEp—(=qVr)

(pAgq) —r,+0
p— (—gVr),—0
p,+1
—qVr,—1
_‘Qa_l
r,—1
pAq,—1 r,+1

/\ ’
p7_1 Q7_1
® /\

p/\Q7 -0 T, +0
/\
pa_o Qa_o

Counter-model from open left-most branch such that:

W = {UJ(), wl};ppwll

This can be represented in the following diagram:

Wo w1

-p  +p
—q
—-q
—r

Let us check that the interpretation works:
p A q is not true at both wy and wy, making the premise (p A q) — r true
at wg. p is true, and —¢ and r are both not true at w;, so the conclusion

p — (—g V) is not true at wy.

(¢c)Fp—(qV—q)

Counter-model such that:

W = {wo, w1 }; ppuw, 1

10



This can be represented in the following diagram:

Let us check that the interpretation works:

p is true at wy and both ¢ and —¢q are not true at w;, making the conclusion
p — (g V —q) false at wy.

(d)F(pA-p)—q

(pA=p) —q,—0
pA—p,+1
Qa_]-
p,+1
-p, +1

Counter-model such that:

W = {wo, w1 }; ppur 1, PPpur 0

This can be represented in the following diagram:

Let us check that the interpretation works:

p is true and false at w;, making p A —=p true at wy. ¢ is not true at w;
making the conclusion (p A —p) — ¢ not true at wy.

11



(e) F(p—4q) — (mg — —p)

(p—q) — (ng — —p),—0

p—q,+1
—|q — —\p7 —]_
g, +2
-p, _2
p,—2 q,+2
p7_]— q7+1 p7_1 (]7"‘1

b, -0 Q7+O pa_o q, +0 b, =0 Q7+O pa_o q, +0

Counter-model from open left-most branch such that:

W = {wovwlva}; quzo

This can be represented in the following diagram:

Let us check that the interpretation works:

q is false, and p is neither true nor false, at wo, meaning that the consequent,
—q — —p, is false at wi. p is not true at any world, so the antecedent p — ¢ is
true at wq. Therefore the conclusion (p — ¢) — (—¢ — —p) is not true at wy.

4. Determine which of the inferences in problem 2 are valid in N4. Where
invalid, specify a counter-model for an instance.

(a) |—N4A—>A
A— A -0

A, 41
A -1

12



(b) |—N4A<—>—‘—\A

(A— —A)A (A — A),—0

A——-—A,-0 ——A—A -0

A, +1 ——A, +1
A, -1 A -1
A -1 A +1
® ®

(¢c)Fn, (ANB) — A

(AANB) — A,—0
ANDB,+1
A, -1
A, +1
B,+1

(d) by, A— (AV B)

A— (AVB),—0
A, +1
AV B, -1
A -1

B, -1

13



(e) Fry (AN (BVC)) = (ANB)V(ANC))
Fay (AANBVC)) = ((AAB)V(ANC)))A((AAB)V(ANC)) — (AN(BVC)))

(AN(BVC) = (AANB)VANO))AN((AAB)V(ANC)) = (AN(BV())),—0

(AN(BVCO))— (ANB)V(ANC)),—0 (AAB)V(AANC)) — (AN (BV(O)),0

AN(BVC),+1 (ANB)V (ANC),+1
(AANB)V(ANC), -1 AN(BVC), -1
A, 41
BvC,+1
ANB, -1 ANB,+1 ANC,+1
ANC, -1 A, +1 A, +1
/\ B, +1 C,+1
B,¥1 C,+1 A,(Ec, . A,mc, 1
N /\ ® B, —1 ® B, -1
A4,-1 B-1 474 B, -1 C,—1 C,—1
® ® & N & ®
A,-1 C,—1
®

(f) A—-B,A—-CHtn, A— (BAC)

A — B,+0
A—C,+0
A— (BNC),—0
A +1
BAC, -1

B,~1 C -1
/\
A=l B+l 47

B, +1
® ®

® /\
A -1 C,+1

& ®



() A—-C,B—Cktn, (AVB)—C

A—C,+0
B — C,+0
(AVB)—C,—0
AV B, +1
C,—1

A+ B, +1

A1 O+l A Coil
® ®
B, -1 C,+1
® ®

(h) A= Ckn, (ANB) = C

A—C,+0
(AANB) — C,—0
ANB,+1
C,—1
A +1
B,+1

/\
A1 041
® ®

O F¥n, (=N pP—7)— (—(gAT))

(p—=aNnp—71)—{@—(gAT)),-0
p—=aNp—r)+1
p_>(q/\71)a_]-
p—q,+1
p—r+1

Counter-model such that:

W = {wo,wi1 }; N = {wo};p = qpuw, 1,0 = 7puw, 1

This can be represented in the following diagram:

wo w1
+p—q
+p =
—p—(qAT)

15



Let us check that the interpretation works:

p — q and p — r are true at non-normal wi;, making the antecedent
(p — @) A(p — r) true at wy. The consequent p — (g A r) is not true at
wy, meaning that the conclusion ((p — ¢)A(p — r)) — (p — (¢Ar)) is not true
at wo.

() ¥, (p—=7r)A(g—7) = ((pVa) —T)

(p—=r)A(g—r)) = ((pVg) —r),—0
(p—7)A(g—r),+1
(p\/q)—>7‘,—1
p—r+1
q—r+1

Counter-model such that:

W = {wo, w1 }; N = {wo};p = rpuw, 1,4 = 7pw, 1

This can be represented in the following diagram:

wo w1
+p—r
+q—r
—(pvag) —r

Let us check that the interpretation works:

p — r and ¢ — r are true at non-normal wi;, making the antecedent
(p — r) A(g — r) true at wy. The consequent (p V ¢) — 7 is not true at
w1, meaning that the conclusion ((p — r)A (¢ — r)) — ((pV q) — r) is not true
at wo.

16



k)p—q¥n, (g—71)—(—T)

p—q,+0
(q—=r)—(@—r),-0

q—r+1

p—r—1

TN

pa_o q, +0

P P
pa_]- Qa+]— pv_]- q7+1

Counter-model from the open left-hand branch such that:

W = {wo,w1}; N = {wo};q = 7pw, 1

This can be represented in the following diagram:

wo wq
-pP —q—=r
+p —r

P

Let us check that the interpretation works:

p is not true at all worlds, so the premise p — ¢ is true at wg. ¢ — 7 is
true and p — 7 is not true at non-normal wy, making the conclusion (¢ — r) —
(p — r) untrue at wy.

O p—qg¥n, (r—p)—(r—q)
p—q,+0
(r—p)—(r—yq),-0

r—p,+1
r—q,—1

T

pa_o q, +0

/\
pa_l qa+1 p7_1 Q7+1

Counter-model from the open left-hand branch such that:

W = {wo, w1 }; N = {wo};7 — ppu, 1

17



This can be represented in the following diagram:

wo wi
-p —T—q
+r —p

—D

Let us check that the interpretation works:

p is not true at all worlds, so the premise p — ¢ is true at wg. r — p is
true and r — ¢ is not true at non-normal wy, making the conclusion (r — p) —

(r — g) untrue at wy.
(m) A—-B,B—Chtyn, A= C

A— B,+0

B — C,40

A—C, -0
A +1
C,—1

A, —1 B, +1

® /\
B,—-1 C,+1

& &
5. Repeat problems 2-4 with K, and N,

Show the following in K, (where A < Bis (A — B) A (B — A):
(a) |_K* A— A
A— A -0

A +1
A1

)

18



(b) |_K* A — ——A
FA—-"—A)A (A — A)

(A— —A)A (A — A),—0

A——-—A,-0 ——A—A -0

A +1 ——A, +1
A, -1 A -1
-A, +1# —A, —1#

A -1 A, +1

® &

(¢c)Fr. (ANB)— A

(AANB) — A,—0
ANB,+1
A, -1
A, +1
B,+1

(d) b, A— (AV B)

A— (AV B),—0
A +1
AV B, -1
A -1
B,—1

19



(e) Fg, (AN(BVC)) < (AANB)V (AAQ))
F((AN(BVC)) — ((AAB)V(ANC))A(((AANB)V(ANC)) — (AN(BV()))

(AN(BVC) = (ANB)VANO))AN((AAB)V(ANC)) = (AN(BV())),—0

(AN(BVCO))— (ANB)V(ANC)),—0 (AAB)V(AANC)) — (AN (BV(O)),0

AN(BVC),+1 (ANB)V (ANC),+1
(AANB)V(ANC), -1 AN(BVC), -1
A, +1
BV C,+1
ANB, -1 ANB,+1 ANC,+1
ANC, -1 A, +1 A, +1
B,+1 C,+1
B,¥1 C,+1 A,(Ec, . A,mc, 1
N /\ ® B, —1 ® B, -1
A4,-1 B-1 474 B, -1 C,—1 C,—1
® ® & N & ®
A,-1 C,—1
®

(f) A—-B,A—Ctg, A— (BAC)

A — B,+0
A—C,+0
A— (BNC),—0
A +1
BAC, -1

B,~1 C -1
/\
A=l B+l 47

B, +1
® ®

® /\
A -1 C,+1

& ®



() A—-C,B—Ctg, (AVB)—C

A—C,+0
B — C,+0
(AVB)—C,—0
AV B, +1
C,—1

A+ B, +1

A1 O+l A Coil
® ®
B, -1 C,+1
® ®

(h) A— CFg. (ANB) —C

A—C,+0
(AANB) — C,—0
ANB,+1
C,—1
A +1
B,+1

/\
A1 041
® ®

(i)Fk, (A=B)AN(A—=C)) = (A— (BA(O))

(A-B)A(A—=C)) —-(A— (BAC)),-0
(A= B)AN(A—C),+1
A— (BNC),—1
A— B,+1
A—C +1
A, +2
BAC, =2

B,-2 C,—2

/\
AT2 B+2 {\BH
® ® b b

® /\
A -2 C,+2

® &

21



() Fr. (A= C)A(B—C)) = ((AV B) = C)

(A—=C)AN(B—=C)) = ((AVvB)—(),—0
(A—=-C)AN(B—C),+1
(AVB)—C,—1
A—C,+1
B — C,+1
AV B,+2
C, -2

(k) A— Btk (B—C)—(A—C)

A— B,+0
(B—C)—(A—C),—0
B —C,+1
A—C -1
A, +2
C,—2

A, =2 B,+2
® /\
B,—-2 (C,+2

& ®
() A— Btg, (C— A)— (C— B)

A— B,+0
(C—A)— (C—B),—0
C— A +1
C— B,—1
C,+2

B, -2
/\
A, =2 B, +2

/\ ®
C, =2 A +2
& &



(m) A—-B,B—Ctg, A= C

A— B,+0

B — C,40

A—C, -0
A +1
C,—1

A -1 B, +1

® /\
B,—-1 C,+1

& &

Show that the following are not true in K, and specify a counter-model.

(a) ¥k, (pA(mpV Q) —q

(pA(=pVaq) —q,—0
pA(mpVa),+1
Qa_]-

p, +1
-pVq,+1

-p,+1 ¢, +1
pv_l# ®

Counter-model such that:

W= {UI(),U}l,'lUS,U}T};'le(p) = ].,'le(q) = Oavwi‘(p) =0

Let us check that the interpretation works:

Vu, (p) = 1, and vy (p) = 0, making vy, (p A (=p V q)) = 1. v, (q) = 0.
Therefore the truth-value of the conclusion is vy, (p A (-pV q)) — ¢) =0

23



(b) (pAq) = rFr. p— (—qgVr)

(pAg) =740
p—(mqVr),—0
p,+1
—qVr,—1
ﬁq 1
(1+1*“
pAg —1 1
p,
pAg —1# 1
q.;} pAG, U
A /\ p A 0% >
/\
pAg =0 p.—0%  q, 0%
/\ /#\ pAgq 0% r,—0% pAg—0% 0%
pAG—=0 /\ /\
7,0 0{\0# p,—0% g, 0% p,—0% g, —0%
/\ /\ P a.
pAg.—0% 0# pAgq—0% r,—0%
/\
p,—0% g, —0# p.—0# g, —0%

Counter-model from the open left-most branch such that:

W = {wO;wlawgawy{};’Uwo(p) = O,Uwg (p) = 0,’Uw1 (p) = 17“1111 (Q) = Oavw{ (p) = Oavwi* (Q) = l)vwl (T) = 0

Let us check that the interpretation works:

0o (B) = 0, v (p) = 0, v (p) = 0, and v, (q) = 0, 50 p A g is false at
every world. This means vy, ((p A q¢) — r) = 1. However, v, (p) = 1, while
U,y (T) =0, and Vs ((]) =1, 80 Uy, (p - (_‘(] \ T)) =0.



(¢) . p— (qV—q)

p—(qV—q),-0
p,+1
qV—q,—1
q,—1
—q,—1
q,+1%

Counter-model such that:

W= {wo,wlng; wT}; Uy (p) =1, vy, (Q) = Ovvwi‘ (Q) =1
Let us check that the interpretation works:

p is true at wy and both ¢ and —q are not true at w;, making the conclusion
p — (qV —q) untrue at wp.

(d) ¥, (pA—p) — q

(pAN=p) —q,—0
pA—p,+1
Qa_]-
p,+1
_'pa+]-

D, _1#

Counter-model such that:

W = {'LUvalawéawT};vwl (p) =1, v, (Q) = Oavwi‘ (p) =0

Let us check that the interpretation works:

p, and —p are both true at wy, making p A =p true at wy. ¢ is false at wy
making the conclusion (p A —p) — ¢ false at wo.
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(e) Fk, (A— B) = (-A — =B)

(The question asks us to show that this inference is invalid, however it is in

fact valid.)
(4= B) = (=B — ~4), ~0
A— B,+1
-B — A, -1
-B,+2
—A, -2
B, 2%
A, 27

A, 2% B, yo#
® ®

Determine which of the inferences in problem 2 are valid in N,. Where in-
valid, specify a counter-model for an instance.

(a) |—N*A—>A
A— A -0

A +1
A -1

(b) |_N* A— ——A
Fn, (A— —=A)A (A — A)

(A— —A)A (A — A),—0

A——-—A,-0 ——A—A -0

A +1 ——A, +1
A, -1 A, -1
-A, +1# —A, —1#

A -1 A, +1

® &

(¢c)Fn. (ANB)— A

(AANB) — A,—0
ANB,+1
A, -1
A, +1
B,+1

26



(d) Fn. A— (AV B)

A— (AVB),—0
A, +1
AV B, -1
A -1
B, -1
®

(e)bFn, (AN(BVQO) < (ANB)V(AANC))
Fn. ((AA(BVC)) = ((AAB)V(ANC)))A(((AAB)V(ANC)) — (AN(BVC)))

(ANBVC) = (AAB)V(ANC))YAN((AAB)V(AANC)) = (AN(BV())),—0

(AABVO) — (AANB)V(ANC)),—0  (AAB)V(AAC)) — (AA(BVC)),0

AN(BVC),+1 (ANB)V(ANC),+1
(AANB)V(ANC),—1 AN(BVC), -1
A, +1
BvC(C, +1
AANB,—1 ANB,+1 ANC, +1
ANC, -1 A, +1 A, 41
B,+1 C,+1
B,+1 C,+1 A,ﬁ(],—l A,ﬁ(],—l
N /\ ® B,—-1 ® B, -1
A,-1 B-1 474 B -1 c, -1 c, -1
© @ ® PN ® ®
A,-1 C, -1
® ®



(f) A—-B,A—-Cky, A— (BAQ)

A — B,+0
A—C,+0
A— (BANC),—0
A +1
BAC,—1

B,~1 C, -1

AT B T i
® @ ® P
A,-1 C,+1
& &

() A—-C,B—Ctn, (AVB)—C

A—C,+0
B — C,+0
(AvB)— C,-0
AV B, +1
C,—1

T

AT B, +1
/\
AT G A
® ® /\ ’®
B, -1 C 41
® ®

(h) A— CFy. (ANB) —C

A—C,+0
(AAB) — C,—0
ANB,+1
C,—-1
A, +1
B, +1

/\
A1 041
® ®



OFN. (p—=a)NAp—71)— (p—(gAT))

(p—=aNn(p—r1)—@—(gAT)),—0
P—=aANp—r)+1
p_>(q/\71)a_]-
p—q,+1
p—r+1

Counter-model such that:

W = {wo, wg, w1, wit; N = {wo};v(p = @)w, = Lv(p = 1w, =1,0(p = (¢AT))w, =0

This can be represented in the following diagram:

wo w1 wy Wy
+p—q
+p—r
—p—(gAr)

Let us check that the interpretation works:

p — q and p — r are true at non-normal w;, making the antecedent
(p — ¢q) AN(p — r) true at wy. The consequent p — (¢ A r) is not true at
wy, meaning that the conclusion ((p — ¢)A(p — r)) — (p — (¢Ar)) is not true
at wo.

0) ¥ (p—=r)A(g—=r) = ((pVe —7)

(p—=r)A(g—=r) = (Ve —r1),-0
(p—r)A(g—r1),+1
(p\/Q)_)n_l
p—r+1
q—r,+1

Counter-model such that:

W = {wo, w§, w1, wi }; N ={wo};v(p = 7w, = 1,0(q = 7w, = 1,0((pVqg) = 1), =0

This can be represented in the following diagram:

wo w1 wy Wi
+p—r
+q—r
—(pVvaq) —r
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Let us check that the interpretation works:

p — r and ¢ — r are true at non-normal wi;, making the antecedent
(p — ) A(g — r) true at wy. The consequent (p V ¢) — r is not true at
wy, meaning that the conclusion ((p — r)A (¢ — 7)) — ((pV q) — r) is not true
at wo.

k)p—q¥n. (g—7r)—=(@—r)

p—q,+0
(q—=r)—(p—r),-0
q—r+1
p—r-l
p,—0 q,+0
p,—1 q.+1 p,—1 ¢ +1
p,—0* 0,+0% p,—0% 0, +0% p,—0% 0, +0% p,—0* 0, +0%

P T N N N U N N G

1% g 1% p 1F g 41 p 1 g H1F p —1F g 1F p 1% g 41 p—1F g 41F p 1F g 41 p, 17 g 417

Counter-model from the open left-hand branch such that:

W = {wo, wg, w1, wi}; N = {wo}
U(p)wo = 0) U(p)wl = 0) U(p)wg = O,U(p)w; = 0) U(q - r)wl = 1) U(p - r)wl =0

This can be represented in the following diagram:

wo w1 ws Wi
-p —q—r —p P
+p—r
-p

Let us check that the interpretation works:
p is not true at all worlds, so the premise p — ¢ is true at wg. ¢ — 7 is

true and p — r is not true at non-normal w;, making the conclusion (¢ — r) —
(p — r) untrue at wy.
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Op—q¥n. (r—p) —(—q)

p—q.+0
(r—p)—(r—q,-0
r—p,+1
r—q,—1
p,—0 7,+0
p,—0* 0, +0% p,—0% 0, +0% p,—0% 0, +0% p,—0* 0,+0%

—1# #op,—1# g 41#F p —1# g 41F p—1F g 1 p —1#F g 1%

p,—1#  q 1% p —1F g 41F p 1 g 41# p, q,+1

Counter-model from the open left-hand branch such that:

W= {wOa wlvwga wT}; N = {wO}; v(p)wo = Ovv(p)uh =0, U(P)wg = Ovv(p)w{‘ =0, 'U(T - p)w1 = 170(7' - q)w1 =

This can be represented in the following diagram:

wo wy wy  wi
-p —r—q —p —p
+r —p
—-p

Let us check that the interpretation works:

p is not true at all worlds, so the premise p — ¢ is true at wg. r — p is
true and r — ¢ is not true at non-normal w;, making the conclusion (r — p) —

(r — g) untrue at wy.

(m) A—-B,B—Chty, A= C

A— B,+0
B — C,40
A—C, -0
A +1
C,—1
4,71 B +1
®
B, -1 C +1
& &
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6. In the semantics for Ny and N,, there may be many normal worlds, but
the tableaux show us that it suffices to suppose that there is only one normal
world. Why is this?

By the completeness theorem, if an inference is invalid, the tableaux for it
does not close and the counter-model this gives has only one normal world.
Hence if an inference is invalid, it has a counter-model with only one normal
world. On the other hand, if an inference is valid, it is truth preserving at the
normal world of all interpretations with only one normal world. Hence, it makes
no difference to which inferences are made valid if we define interpretations to
have only one normal world.

9. Show by induction that in any interpretation, < W, R, p > for I, I3, or
W, for any formula A:

If Ap,,1 and wRw' then Apy1
If Ap,,0 and wRw’ then Apy0

For the basis case, where A is a propositional parameter, the result follows
simply from the heredity condition, which all three logics subscribe to.

We then have four induction cases: for A of the form —-B, BAC, BV C,
and B 3 C

In the following, let us suppose that wRw’.

This case will be the same for all three logics, as they all follow the same
rules for negation.

Suppose that =Bp,,1, so by the rule for negation Bp,,0. By induction hy-
pothesis and the heredity condition, Bp,,0. Hence by the negation rule =Bp,, 1,
as required.

Suppose that =Bp,,0, so by the rule for negation Bp,1. By induction hy-
pothesis and the heredity condition, Bp,1. Hence by the negation rule =Bp,, 0,
as required.

This case will be the same for all three logics, as they all follow the same
rules for conjunction.
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Suppose that B A Cp,1, so by the rule for conjunction Bp,1, and Cp,1.
By induction hypothesis and the heredity condition, Bp,1 and Cp,1. Hence
by the conjunction rule B A Cp,r1, as required.

Suppose that B A Cp,,0, so by the rule for conjunction Bp,,0, or C'p,0. By
induction hypothesis and the heredity condition, Bp,,/0 or Cp,0. Hence by the
conjunction rule B A Cp,0, as required.

This case will be the same for all three logics, as they all follow the same
rules for disjunction.

Suppose that BV Cp,1, so by the rule for disjunction Bp,1, or Cp,1. By
induction hypothesis and the heredity condition, either Bp,,1 or Cp,1. Hence
in either case by the disjunction rule B V Cp,,1, as required.

Suppose that BV Cp,0, so by the rule for disjunction Bp,,0, and Cp,0. By
induction hypothesis and the heredity condition, both Bp,,/0 and C'p,,-0. Hence
by the disjunction rule B V Cp,,0, as required.

Contrapositive proof: Suppose that it is not the case that B 3 Cp,1. Then
for some w” such that w'Rw”, Bpyr1 and it is not the case that Cp,~1. By
transitivity wRw”, so it is not the case that B 1 Cp,-1, as required.

The following argument only holds for I3 and Iy.

Suppose that B J Cp,,0, so by the rule for the negated conditional, Bp,,1
and Cp,0. By the heredity condition and induction hypothesis, Bp,s1 and
Cpw 0, hence B 1 Cp,0, as required

There is a separate case for W:

Contrapositive proof: Suppose it is not the case that that B 3 Cp,0. Then
it is not the case that B 3 =Cp,1. So there is some w” such that Bp,~1 and

it is not the case that =C'p,~ 1. By transitivity, wRw"”, and so it is not the case
that B 1 =Cp, 1. Hence it is not the case that B 1 Cp,,0.
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10. Determine the truth of the following in 14, I3, and the connexive logic

W. Where invalid, give a counter-model.

As a general point, it will be helpful to note that tableaux for I, and I3 only
differ if they contain nodes of the form A, +¢ and A, —i, and that I, only differs
from W on tableaux with nodes of the form —~(A O B).

(a) F=(pAg) 3 (=pV )

~(pAq) D (=pV—gq),—0
0r0, Orl, 1rl
~(pNq),+1
—pV g, —1
_‘pa_l
_‘Q7_1
—p Vg, +1
/\
-p,+1 =g, +1
® ®

(b) F=(pVgq) 3 (-pA—q)

=(pVq) I (—=pA—gq),—0
0r0, Or1, 1rl
_‘(p\/Q)a+1
“pA g, —1
-p A —q,+1
&
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(c) ¥ (p3q) 2 (=g 3-p)

(p3q) (=g 3-p),—0

0r0, Orl, 1rl
p3dq,+1

—q J—p,—1

1r2, Or2, 2r2
—q, +2
—p, —2

q,+2

pa_2
P P
pa_]- Qa+]— p7_1 qv+1

Counter-model from open left-most branch such that:

(p3¢q) 3 (~g 3 -p),—0
0r0, Or1, 1rl
p3dq,+1
—q 3 —p,—1
1r2, O0r2, 2r2
—q, +2
—p, —2

pa_2 Q7+2
&

pa_]- qv+1

Counter-model from open left-most branch such that:
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(d)¥pV-p

Counter-model such that:

(e)¥(-p3p)dp

Counter-model such that:

pV —p,—0
0r0
p,—0
—p, —0

Wo

——p

(=p3p) 3p,—0
0r0, Or1, 1rl
—p Jdp,+1
p7 _]-

_'pa_]- P7+1
®

—=p
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)F-(p39 23(3~q)

“(p3q) 3 (p3—q),—0
0r0, Or1, 1rl
—(p3q),+1
p g, —1
1r2, 2r2, 0r2

p,+2
—q, —2
p,+1
—q, +1
—q,+2
&

~(p3¢) 3 (p3—q),—0
0r0, Orl, 1rl
_'(p J Q)a+1
pd—q,—1
p J—q,+1
®

() ¥ (p3qV(p3—9g)

(p3q)V(p3—q),-0
0r0
p3q,—0
p 3 -q,—0
Orl, 1rl
p,+1
q,—1
0r2, 2r2
p,+2
-q, —2
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Counter-model such that:

~
wo
m N
w1 wao
+p +p

(h) F=((pA-p) 3 (pV-p))

=((pA=p) 3 (pV-p)),—0

0r0
pA-p,—0 =(pV —p),—0
—p A —=p, =0
D, -0 -p, -0
-p, _0 —-p, _0

b, -0

Counter-model from open left-most branch such that:

—-p

~((pA=p) 3 (pV-p)),—0
0r0
(pA=wp) I =(pV-p), -0
Orl, 1rl
pA-p,+1
_‘(p \ _‘p)v -1
p,+1
-p, +1
“pA—mp,—1

_'pa_]- _'_‘pv_]-

® p,—1
®
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11. Work out the details omitted in 9.7a.8, 9.7a.11, and 9.7a.14.
9.7a.8 Show that for every formula, A, v,,(p) = 1 iff pp,,1.

Basis case is for propositional parameters, and is true by definition.

vp(BAC) =1 iff v,(B)=1and v,(C)=1
iff Bp,,1 and Cp,1

ifft BACpyl
BvC
U (BAC) =1 iff v,(B)=1o0ruv,(C)=1
iff Bp,1 or Cpy,l
ift BV Cpyl
B3C

vp(B3C)=1 iff for all w’ such that wRw', either v,/ (B) =0 or v,(C) =1
iff  for all w’ such that wRw’, either it is not the case that
vy (B) =1 or v, (C) = 1 (since v semantics are two valued)
iff  for all w’ such that wRw’, either it is not the case that Bp,,0 or Cp,r1
ift B3Cp,l

9.7a.11 Check that Aristotle and Boethius are valid in W.
F (A 3J-A4)

—-(A3-A4),-0
0r0
A --A,-0
Orl, 1rl
A +1
-—A, -1
A -1
®
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F(AOdB)3-(A3-B)

(AaB)d-(A3-B),-0
0r0, Orl1, 1rl
A B,+1
-(A3-B),-1
A3J--B,-1
1r2, 2r2, Or2
A, 42
-—B, -2
B,—-2

/\
A, =2 B, 42
® ®

9.7a.14 Show that the class of logical truths in W is inconsistent by showing
that (p A —=p) 3 =(p A —p) is valid.

Fw (pA=p) 3 =(p A -p)

(pA=p) 3 =(pA-p),—0
0r0, Orl, 1rl
pA-p,+1
_‘(p A _‘p)v -1
p,+1
-p,+1
_‘pa_l

12. Show that in I3 and I4:
(a) if E AV B then E A or £ B. (Hint: see 6.10, problem 5.)

(b) if E =(A A B) then F =A or F —=B.

(a) Show that if F AV B then F A or F B.

Contrapositive proof. Suppose that ¥ A and # B. Then there is an interpre-
tation, I4, and a world, w4, in the interpretation, where A is not true. Similarly
for Ip and wp. We can assume that the worlds of the two interpretations are
distinct.
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Now let us construct the interpretation, I, whose worlds are those of 4 and
Ip, which relate to each other exactly as they do in those interpretations, and
where the truth values at each world are the same as those in those interpreta-
tions. In addition, there is one new world, w, such that w relates to itself, w4,
wp, and all the worlds that wa and wp relate to. Further all propositional pa-
rameters relate to neither 0 nor 1 at w. (Thus for any propositional parameter
p, if relates to 0 or 1 in w, it relates to 0 or 1 in wy and wp, and heredity is
vacuously satisfied.)

This is an interpretation for both I3 and I;. Every formula has the same
truth value at w4 in I and 14, since we have not done anything to change these.
Similarly, every formula has the same truth value at wp in I and Ip. Now
suppose that E AV B. Then AV B is true at w, so either A or B is true at
w. If it is A, then by heredity, A is true at w4, which it is not; similarly for B.
Hence, ¥ AV B.

(b) Show that if F =(A A B) then F A or F =B.
Suppose that F (A A B). Then F AV -B. So, by part (a), F - A or F =B.

13. Find an inference that is valid in I, but not in intuitionist logic. Find
an inference that is valid in intuitionist logic, but not in I,. (Hint, see 9.6.9.)

Fr, mAJA
(Shown in 9.7a.5)
Fr——p3p
(Shown in 6.4.11)

Fr(pPA —p) Dq
(pA —p) 3¢,—0

0r0, Orl, 1rl

pA — p,+1
Qa_]-
p,+1

—p,+1
p,—1
®

¥Fr, (pAN-p) 3q

(Shown in 9.7a.5)
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15.* Fill in the details omitted in 9.8.

9.8.3: Cases for =(A — B),+i and (A — B), —i in the Soundness Lemma
for Ky.

Suppose that we apply the rule to -(A — B),+i. Then by assumption,
—(A — B) is true, and A — B false at f(i). Hence there is some w such that
A is true at w and B is false. Let f’ be the same as f, except that f'(j) = w.
Then f’ shows I to be faithful to the extended branch.

Suppose that we apply the rule to =(A — B),—i. Then by assumption,
—(A — B) is not true, and A — B not false at f(i). Hence for any j on the
branch, either A is not true or B is not false atf(j). In the first case f shows I
to be faithful to the left-hand branch, in the second it shows I to be faithful to
the right-hand branch.

9.8.6: Cases for negated — in the Completeness Lemma for K.

Suppose that (B — C'),+i is on b. Then there is a j such that B, +j and
—C, +j are on b. By induction hypothesis, B is true at w; and C' is false at w;.
Thus B — C is false, and —(B — C') true at w;, as required.

Suppose that =(B — C), —i is on b. Then for all j, either B, —j, or =C, —j
is on b. By induction hypothesis, either B is not true at w;, or —=C' is not true
(and hence C' is not false) at w;. In either case, B — C is not false at w;, so
—(B — () is not true at w;, as required.
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9.8.13: Soundness and Completeness for IV,
The proof modifies the proof for K,

Soundness Theorem: The tableau system for N, is sound with respect to its
semantics.

Proof:
The proof is exactly the same as for K., except that in the definition of faith-
fulness, we add the clause: f(0)e/N. In the Soundness Lemma, the rules for —

are applied only to 0, and f(0) is normal.

Completeness Theorem: The tableau system for N, is complete with respect
to its semantics.

Proof:
This proof modifies that for K, as follows. W = {w, : & or T occurs on b},
N = {wo}, wj = w;# and wi, = w;; If irj is on b then f(i)Rf(j). Further, for
every parameter, p:

Uy, (p) = 1 if p, +4 occurs on b

Vw, (p) = 0 if p, —i occurs on b

And for every formula A — B and i > 0:

Vw; (A — B) =11if A — B,+i occurs on b

vy, (A — B)=0if A — B, —i occurs on b

The rest of the proof is then as for K. Only the induction cases for — in
the Completeness Lemma are different. In these, if w; is normal, the arguments
are exactly the same. If w; is non-normal, the result holds simply by definition.

9.8.16: Case for — in the Soundness and Completeness Lemmas for W.

Soundness:

Suppose that we apply the rule to =(A 3 B), +i. By assumption, A 3 B is
false at f(i). So A 7 =B is true at f(i), as required.

Suppose that we apply the rule to =(A I B), —i. By assumption, A 1 B is
not true at f(i). So A J =B is not true at f(i), as required.
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Completeness:

Suppose that =(A 3 B),+i is on the branch. Then so is A O =B, +i, and
for every j such that irj is on the branch, either A, —j or —B,+j is on the
branch. By construction and induction hypothesis, for all w; such that w; Rw;,
either A is not true at w; or B is false there. Hence, A 1 B is false at w;.

Suppose that =(A 3 B),—i is on the branch. Then A 3 —B,—i is on the
branch. Hence, for all j such that irj are on the branch, either A, —j or =B, —j
are not on the branch. By induction hypothesis, for all w; such that w;Rw;,
either A is not true at w;, or B is not false there. Hence A 3 B is not false at w;.

16.* Design tableaux for the systems of 9.7.14, and prove them sound and
complete.

There are three restrictions discussed in 9.7.14: Logics with no gluts, no
gaps, and neither gluts nor gaps. I will deal with them in turn.

1. No gluts
A simple way to rule out gluts, is to make pq satisfy the exclusion condi-
tion. In other words, set up the logic such that it is not the case that for any

propositional parameter p, ppal and ppa0.

Further, to rule out truth value gluts while accommodating formulas con-
taining —, we need to modify its falsity conditions as follows:

A — Bpa0 iff (for some w’, Ap,s1 and Bp,0) and (it is not the case that
A — Bpal

Now we need new tableaux rules to reflect the semantic definitions. For
simplicity this logic will be based on K4. In K, all worlds are related to one

another, so there will be no mention of the accessibility relation.

For the exclusion restriction:

Closure rule: Branches close if they contain lines of the form A, 40 and —A, 4-0.
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And for the new falsity conditions for —:

Tableaux rule:

(A= B),+0
i

A— B,—0
A, +i
-B,+i

Tableaux rule:
-(A — B),—0
/ ! N
A — B,+0 A, —i -B,—i

The first rule is applied for an ¢ new to the branch; the second rule is applied
for all 4 on the branch.

We must now show the new rules to be sound and complete. The Soundness
and Completeness proofs for this logic modify those for Ky (9.8.2 - 9.8.7).
Soundness:

We must first modify the definition of faithfulness, and the statement of the
Soundness Lemma, and then produce new arguments for the new rules in the
Soundness Lemma.

e Definition:

Let I = < W, p,@Q > be any relational interpretation and b be any branch of
a tableau. Then [ is faithful to b iff there is a map, f, from the natural numbers
to W such that:

for every node A, +i on b, Apyg;y1in 1.

for every node A, —i on b, it is not the case that Aps;)1 in I.

Further, f(0) = Q.

e Soundness Lemma:

Let b be any branch of a tableau, and I = < W, p, @ > be any interpretation

for this logic. If I is faithful to b, and a tableau rule is applied to it, then it
produces at least one extension, b’, such that I is faithful to o'
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e Modifications to the proof:
Let f be a function which shows I to be faithful to b.

Suppose that we apply the rule to =(A — B),+0. Then by assumption,
A — B is false at f(0), that is, @. By the falsity conditions for — at @, (for
some w, A is true at w, and B is false at w) and (it is not the case that A — B
is true at @). Let f’ be the same as f, except f'(i) = w. Then f’ shows I to
be faithful to the extended branch.

Suppose that we apply the rule to =(A — B),—0. Then by assumption,
A — B is not false at f(0), that is, @. By the falsity conditions for — at @,
either (for every w, A is not true at w or B is not false at w) or (A — B is true
at @). Whichever is the case, f shows I to be faithful to one of the extended
branches.

Completeness:

We must now modify the definition of the induced interpretation, and the
statement of the Completeness Lemma, and then check that the induced inter-
pretation is how we want it to be for the new cases:

e Definition:

Let b be an open branch of a tableau. The interpretation I = < W, p, @ >,
induced by b is defined as in 9.8.5. W = {w; : i < 0 occurs on b}. wy = Q. For
every parameter, p:

Ppw,; 1 iff p,+i occurs on b

DPPw,; 0 iff =p, +i occurs on b

The new closure rule ensures that the interpretation meets the exclusion
restraint.

e Completeness Lemma:

Let b be any open completed branch of a tableau. Let I = < W, p,@Q > be
the interpretation induced by b. Then:

if A,+iis on b, then A is true at w;

if A, —iis on b, then it is not the case that A is true at w;.
if =A, 4+ is on b, then A is false at w;

if = A, —i is on b, then it is not the case that A is false at w;
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e Modifications to the proof:

Suppose that =(A — B),+0 is on b, then the following are on b: A — B, —0,
A,+i, and —B,+i, for some 7. By construction and induction hypothesis,
A — B is not true at @, and for some w;, A is true at w;, and B is false
at w;. Hence A — B is false at @, i.e., 7(4 — B) is true.

Suppose that =(A — B),—0 is on b, then either A — B,+0 is on b, or
for every i on b, either A, —i is on b, or =B, —i is on b. By construction and
induction hypothesis, either A — B is true at @, or for every w;, either A is not
true at w;, or B is not false there. Hence A — B is not false at @.

2. No gaps

A simple way to rule out gaps, is to make pq satisfy the exhaustion condi-
tion. In other words, set up the logic such that for all p either ppl or ppO0.

Further, to rule out truth value gaps while accommodating formulas con-
taining —, we need to modify its falsity conditions as follows:

A — Bpa0 iff (for some w’, Ap,1 and Bp,0) or (it is not the case that
A — Bpal

Now we need new tableaux rules to reflect the semantic definitions. For
simplicity this logic will also be based on K4, so as all worlds are related to one

another, there will be no mention of the accessibility relation.

For the exhaustion condition:

Closure rule: Branches close if they contain lines of the form A, —0 and = A, —0.
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And for the new falsity conditions for —:

Tableaux rule:

~(A— B),+0
e N
Aa +1 A — _B7 —0
-B,+1
Tableaux rule:
-(A— B),—0
A— B,+0
. N
A, —i -B,—1

The first rule is applied for an ¢ new to the branch; the second rule is applied
for all 4 on the branch.

We must now show the new rules to be sound and complete. The Soundness
and Completeness proofs for this logic modify those for LP (8.7.9).
Soundness:

We must first modify the definition of faithfulness, and the statement of the
Soundness Lemma, and then produce new arguments for the new rules in the
Soundness Lemma.

e Definition:

Let I = < W, p,@Q > be any relational interpretation and b be any branch of
a tableau. Then [ is faithful to b iff there is a map, f, from the natural numbers
to W such that:

for every node A, +i on b, Apy;y1in 1.

for every node A, —i on b, it is not the case that Aps;)1 in I.

Further, f(0) = @

e Soundness Lemma:

Let b be any branch of a tableau, and I = < W, p, @ > be any interpretation

for this logic. If I is faithful to b, and a tableau rule is applied to it, then it
produces at least one extension, b’, such that I is faithful to o'
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e Modifications to the proof:
Let f be a function which shows I to be faithful to b.

Suppose that we apply the rule to (A — B),+0. Then, by assumption,
A — B is false at f(0), that is, @. By the falsity conditions for — at @, (for
some w, A is true at w and B is false at w), or (it is not the case that A — B
is true at @). Let f/ be the same as f, except that f'(i) = w. Then f’ shows I
to be faithful to one of the extended branches.

Suppose that we apply the rule to -(A — B),—0. Then, by assumption,
A — B is not false at f(0), that is, @. By the falsity conditions for — at @, (for
every w, either A is not true at w, or B is not false at w) and (4 — B is true
at @). Whichever is the case, f shows I to be faithful to one of the extended
branches.

Completeness:

We must now modify the definition of the induced interpretation, and the
statement of the Completeness Lemma, and then check that the induced inter-
pretation is how we want it to be for the new cases:

e Definition:

Let b be an open branch of a tableau. The interpretation I = < W, p, @ >
induced by b is defined as in 8.7.9. W = {w; : i < 0 occurs on b}. wy = Q. For
every parameter, p:

Ppuw,; 1 iff p,—i is not on b

PPw,; 0 iff =p, —i is not on b

The new closure rule implies that one or the other of these must hold, so the
exhaustion condition holds for this interpretations of this logic.

e Completeness Lemma:

Let b be any open completed branch of a tableau. Let I = < W, p,@Q > be
the interpretation induced by b. Then:

if A,+iis on b, then A is true at w;

if A, —iis on b, then it is not the case that A is true at w;.
if = A, +i is on b, then A is false at w;

if = A, —i is on b, then it is not the case that A is false at w;
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e Modifications to the proof:

Suppose that =(A — B),+0 is on b, then either A — B, —0 is on b or, for
some i, A, +i and —B, 44 are on b. By construction and induction hypothesis,
either A — B is not true at @, or for some w;, A is true at w; and B is false
there. Hence A — B is false at Q.

Suppose that =(4 — B),—0 is on b, then A — B, +0 is on b, and for every
1 on b, either A, —i is on b or =B, —i is on b. By construction and induction
hypothesis, A — B is true at @, and for all w;, either A is not true at w;, or B
is not false there. Hence A — B is not false at @.

3. No gluts or gaps

A simple way to rule out gluts and gaps in @, is to take a star logic and
specify that @ = @Q*.

We then need tableaux rules to reflect this semantic constraint:

Tableaux rule:

A, 40
l

A, +0%
Tableaux rule:
A, +0%
!
A, +0

No new closure rules are necessary.

We must now show the new rules to be sound and complete. The Soundness
and Completeness proofs for this logic modify those for K, (9.8.11 - 8.8.12)

Soundness:

We must first modify the definition of faithfulness, and the statement of the
Soundness Lemma, and then produce new arguments for the new rules in the
Soundness Lemma.
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e Definition:

Let I =< W, x,v,@ > be any Routley interpretation, and b be any branch of
a tableau. Then [ is faithful to b iff there is a map, f, from the natural numbers
to W, such that:

f0)=@

for every node A, +x on b, A is true at f(x) in [

for every node A, —x on b, A is false at f(z) in I

where f(i") is, by definition f(i)*.

e Soundness Lemma:

Let b be any branch of a tableau, and I =< W, %, v, @ > be any Routley in-

terpretation. If I is faithful to b, and a tableau rule is applied, then it produces
at least one extension, b’, such that I is faithful to b'.

e Modifications to the proof:
Let f be a function which shows I to be faithful to b.

Suppose that we apply the rule to A, +0. By induction hypothesis, v;)(A4) =
1. So va(A) = 1, and since @ = @*, va~(A) = 1. That is, v)-(4) = 1 and
vro#)(A) = 1, as required.

Suppose that we apply the rule to A, +0%. By induction hypothesis, Vro#)(A) =
1. So vpy«(A) = 1, and va-(A) = 1. Since @ = Q*, vg(A4) = 1, and
vr(0)(A) = 1, as required.

Completeness:

We must now modify the definition of the induced interpretation, and the
statement of the Completeness Lemma, and then check that the induced inter-
pretation is how we want it to be for the new cases:

e Definition:
Let b be an open branch of a tableau. The interpretation, I =< W, %, v, @ >
induced by b is defined as in 9.8.12, except in the case where z = 0: W =

{wo} U{wy : x > 0 and either x or T occurs on b}. Additionally wy = @ and
Q= @*.

51



v is such that:
Uy, (p) = 1if p,+x is on b
Uy, (p) =01if p,—x ison b

Note also that by the definition of *, wi* = w, and by the definition of @,
@** = @ i.e. the induced interpretation is a Routley interpretation.

e Completeness Lemma:

Let b be any open completed branch of a tableau. Let I =< W, *,v,@ > be
the interpretation induced by b. Then:

if A,4x ison b, A is true at w,,
if A,—x is on b, A is false at w,
e Modifications to the proof:

Since @* has been redefined, we need new arguments for negation when
x=0:

If =B, +0 is on b, then B, —0% is on b. By the new rule, B, —0 is on b. By
induction hypothesis, B is false at wyg = @Q. Hence B is false at @* and —B is
true at @, as required.

If =B, —0 is on b, then B, +0% is on b. By the new rule, B, +0 is on b. By
induction hypothesis, B is true at wg = @Q. Hence B is true at @*, and =B is

false at @ as required.
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