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1. Using the tableau procedure of 8.3.4 determine whether or not the fol-

lowing are true in FDE. If the inference is invalid, specify a relational counter-
model.

(a) pAgFp
(b)pFpVyg

()pA(ghr)E(pAgV(PAT)

pA(gAT), +
(pA@)V(pAT), —
PAG —
p/\rvf
p,+
qgANT,+
b, — q, —
b, — r,—
/\

® 3



(A pA(gVvr)E(pVgA(pVr)

pV(gAT),+
(pVa A(pVr)—

T

p,+ qgnAT,+
/\ q,+
pVqg,— pVr — T, +
D, — D, — /\
q,— T, — pVg,— pVrT,—
® oy p,— p,—
q,— r,—
&® &
(e) pk——p
p,+
-p, —
P, —
&
(f) =—ptp
-, +
P, —
p,+
&

(8) (pAg) DrE(pA-T)D g

“(pAgVrEa(pA-r) Vg

~(pAg)Vr,+
_‘(p/\ _‘T) \ -q, —

ﬁ(p A ﬁr)’ -
g, —

—\p \/ —\—|’r‘7 —
-p, —
—|—|7"’ —_

r,—

-(pANg),+ T+

—pV g, + ®

p,t g+
b2 &



(h)pA—pEpV—p

PA—p,+
pV-p,—
b, —
—\p7 —
p,+
-p, —+

() pA-pFqV—q
PA—p,+
q\/"qa_
q,—
—q, —
D, +
-p, +

There is a counter-model with the following relations obtaining, and no

others:

ppl, pp0

Let us check that this counter-model works:

ppl and pp0, so the antecedent is true, but it is not the case that gpl or ¢p0,

so the consequent is not true.

()pVa¥Fphig

pVag,+
pAq,*

T

D, + q,+
PN PN
b, — q, — b, — q, —
® ®
The counter-model from the left-most open branch has the following relations

obtaining, and no others:

ppl



Let us check that this counter-model works:

ppl, so the premise p V gpl. It is not the case that gpl, so it is not the case
that p A gpl.

(k) p,=(p AN —q) ¥ q

D, +
~(p A =q), +
q,—
—pV g, +

PN

—p+ g+
q,+
®

There is a counter-model with the following relations obtaining, and no oth-
ers:

ppl, pp0

Let us check that this counter-model works:

ppl, so the first premise is true, pp0, so p A gp0, and the second premise
=(p A q)pl. But it is not the case that gpl, so the conclusion is not true.

1) (pAg) DrEpD(mgVr)
“(pAQVrE-pV(agVr)

~(pAg)Vr,+
—pV(~qVr),—
-p, —
"q\/ru_
-q, —
r,—

-(pANq),+ 7+
—pV g, + &

p,t+ g+
by &

2. For the inferences of problem 1 that are invalid, determine which ones
are valid in K3 and LP using the appropriate tableaux.



() pA-prr, qV g

DPA—p,+
qVg,—
q,—
-q, —
p,+
—p, +

() pVaFr,pNg

pVaq,+
PAG—
p, + g+
PN P
b, — q, — b, — q, —
® ®
The counter-model from the left-most open branch has the following relations
obtaining, and no others:

ppl

Let us check that this counter-model works:

ppl, so the premise p V gpl. It is not the case that gpl, so it is not the case
that p A gpl.

(k) p,=(pAN—q) FK; q

D, +
~(p A —q), +
q, —
—pV g, +

-p,+ g+
& q,+



(i) pA—-pFrpqV—q

DPA—p,+
qV g, —
q, —
-q, —

(G)pVaFrppng

pVg,+
p A q, —
D, + q,+
/\ /\
D, — q9,— P~ q,—
® ®
Counter-model from the left-most open branch with the following relations
obtaining, and no others:

ppl

Let us check that this counter-model works:

ppl, so the premise p V gpl. It is not the case that gpl so it is not the case
that the conclusion p A gpl.

k) p,~(pA—q) ¥rp q

D, +
ﬁ(p A ﬁq), +
q,—

—pV g, +
/\
-p,+ g+
q,+
®

Counter-model from the left-most open branch with the following relations
obtaining, and no others:

ppl,pp0



Let us check that this counter-model works:

ppl, so the first premise is true. pp0, so p A =gp0, and the second premise
=(p A —q)pl. It is not the case that gpl so the conclusion is not true.

3. Check all the details omitted in 8.4.2.

Suppose that the truth value of A is 1. Then A is true and not false, so = A
is false and not true, as required.

Suppose that the truth value of A is b. Then A is both true and false. So
—A is also both true and false, as required.

Suppose that the truth value of A is n. Then A is neither true nor false. So
= A is also neither true nor false, as required.

Suppose that the truth value of A is 0. Then A is false and not true, so —A
is true and not false, as required.

For the bottom row and far right column of the truth-table (where one or
both of A and B takes 0):

Suppose that A or B is 0. Then A or B is false and not true. Because A or
B is false, A A B is false, and because A or B is not true, A A B is not true. So
A A B is false and not true: 0.

For the rest of the truth-table:

Suppose that A is 1, and B is 1. Then A and B are both true and not false.
So A A B is true and not false: 1.

Suppose that A is 1, and B is b. Then A is true and not false, while B is
both true and false. So A A B is true (because A and B are both true), and
false (because B is false): b.

Suppose that A is 1 and B is n. Then A is true and not false, while B is
neither true nor false. So A A B is not true, because B is not true, and not false,
because B is not false: n.



Suppose that A is b, and B is 1. Then A is true and false, and B is true and
not false. So A A B is true (because both A and B are true) and false (because
A is false): b.

Suppose that A is b, and B is b. Then both A and B are both true and false.
So A A B is both true and false: b.

Suppose that A is b, and B is n. Then A is true and false, and B is neither
true nor false. So A A B is false, because A is false, and not true, because B is
not true: 0.

Suppose that A is n, and B is 1. Then A is neither true nor false, and B is
true and not false. Since A is not true A A B is not true. Since neither conjunct
is false, A A B is not false either: n.

Suppose that A is n, and B is b. Then A is neither true nor false, and B is
true and false. Since A is not true A A B is not true. Since B is false, A A B is
false: 0

Suppose that A is n, and B is n. Then A and B are neither true nor false.
Thus A A B is neither true nor false: n.

For the bottom row and far-left column of the truth-table (where one or
both of A and B take 1):

Suppose that A or B is 1. Then A or B is true and not false. Because A or
B is true, AV B is true, and because A or B is not false, AV B is not false. So
A A B is true and not false: 1.

For the rest of the truth-table:

Suppose that A is b, and B is b. Then A and B are both true and false. So
A A B is both true and false: b.

Suppose that A is b, and B is n. Then A is true and false, while B is neither
true nor false. So AV B is true (because A is true), and not false (because B is
not false): 1.

Suppose that A is b and B is 0. Then A is true and false, while B is false
and not true. So AV B is true, because A is true, and also false, because both
A and B are false: b .

Suppose that A is n, and B is b. Then A is neither true nor false, and B is
true and false. Since A is not false AV B is not false. Since B is true, A A B is



true: 1

Suppose that A is n, and B is n. Then A and B are both neither true nor
false. Thus AV B is neither true nor false: n.

Suppose that A is n, and B is 0. Then A is neither true nor false, and B is
false and not true. Since A is not false AV B is not false. Since neither conjunct
is true, AV B is not true either: n.

Suppose that A is 0, and B is b. Then A is false and not true, and B is both
true and false. Since B is true, AV B is true. And since both A and B are false,
AV B is also false: b.

Suppose that A is 0, and B is n. Then A is false and not true, and B is
neither true nor false. Since B is not false A V B is not false. Since neither A
nor B is true, AV B is not true: n.

Suppose that A is 0, and B is 0. Then both A and B are false and not true.
Since both are false, AV B is false. Since neither are true, AV B is not true: 0.

4. By checking the truth tables of 8.4.2, note that if A and B have truth
value n, then so do AV B, AA B and —A. Infer that if A is any formula all
of whose propositional parameters take the value n, it, too, takes the value n.
Hence infer that there is no formula A such that Fppg A.

For the first inference, no work is really needed:

The truth tables provide us with the fact that if A and B have truth value
n, then so do AV B, AA B and —A. Since the only connectives in FDR are V
A and -, (see the definition of D in 8.2.1), the the conclusion quickly follows.

For the second inference, Take any formula A. Assign each parameter that
occurs in it the value n. It follows that A takes the value n, which is not desig-
nated. So A is not a logical truth.

5. Similarly, show that if A is a formula all of whose propositional param-
eters take the value b, then A takes the value b. Hence, show that if A and B
have no propositional parameters in common, A ¥ppg B. (Hint: Assign all the
parameters in A the value b, and all the parameters in B the value n.)

As in 4, the first part follows from looking at the truth table, and the fact
that the only connectives in FDE are A, V, and —.

For the second part, Take any formulas A and B. Assign each parameter in
A the value b, and each parameter in B the value n. (This is possible because
A and B have no parameters in common.) Then A takes the value b, and B



takes the value n. So A¥rpg B.

6. Repeat problem 1 with the * semantics and tableaux of 8.5.
(a) pAghp

pAgq,+0
p,—0
p,+0
q,+0

(b) pFpVye

p,+0
pVyq,—0

p,—0

q, -0

(c)pA(ghnr)F(AgV(PAT)

pA(gATr),+0
(pAg)V(pVvr),—0
PAg,—0
pAr,—0
p,+0
qVr,+0

10



(A pA(gVvr)E(pVgA(pVr)

pV(gAT),+0
(Vg A(pVvr)—0

p;+0
qgNAr,+0
pVgeg, -0 pVvr,—0 o
Ve M r,+0
q, -0 77
. n®0 pVgqg,—0 pVr —0
D, -0 b, _’0
q,—0 r,—0
& &

(e) pkE—-—p

p,+0
-p, -0
P, +0#

D, -0

(f) ~ptp

——p, +0
p,—0

-, —O#
p,+0

11



(8) (pAg) DrE(pA-T)D g
—(pAgVrEa(pA-T)V g

=(pAg)Vr,+0
_‘(p A _"f') N g, =0

"(p A “T), -0
—q, -0

p A -7, +0%
p, +0#
-, +0%

r,—0

-(pAq),+0 r,+0
pAq, —0%# &

D, 70# q, 70#
® q, +0#
&

(h)pA—-pEpV-p

p A —p,+0
pV-p,—0
p,—0
-p, —0
p,+0
—-p, +0

(i) pA-pFqV—q

p A —p,+0
qV —q,—0
q,—0
-q,—0
p,+0
—p,+0
q, +07%
p, —0%#

Counter-model such that:

W = {wo, wj}:
{w07w0}7vw0 (p) = 177)1113 (p) = O,UwO(Q) =0,vu5(q) =1
0

12



Let us check that this counter-model works:

Vo (p) = 1 and vy (p) = 0 therefore the premise vy, (p A —p) = 1. However,
Vu, (q) = 0 and v, (q) = 1, so the conclusion vy, (¢ V =q) = 0.

() pVaFpng
pVq,+0

pAq,—0

p,+0 q,+0

b, =0 q, -0 p7_0 q, -0
& &

Counter-model from the left-most open branch such that:

W = {wo, wg }; Vuy (P) = 1, 0wy (q) = 0

Let us check that this counter-model works:

Vo (P) = 1, so the premise vy, (p V ¢) = 1. vy,(g) = 0 so the conclusion
Vwy (P A q) = 0.

(k) p,~(pA—q) ¥ q

p,+0
_'(p A _'Q)a +0
q, _0
p A —q, —0%#

D, _0# g, _0#
q,+0
&

Counter-model such that:

W= {’wo, ’LUS}; Vg (p) =1, Ve (p) =0, Vu, (C]) =0
Let us check that this counter-model works:
U, (p) = 1, so the first premise is designated. v, (p) = 0, 50 vys (PA=g) = 0.

Accordingly vy, —(p A =q) = 1. However vy, (q) = 0; the conclusion is undesig-
nated.
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1) pAg) DrEpD(mgVr)
“(pANqQ)VrE-pV(-qVr)

~(pAg)Vr,+0
-pV(-qVr),—0
=p,—0
—qVr,—0
—q, -0
r,—0
p, +07
q, +0%

-(pNg),+0 7,40
pAq, —0# &

p,—0%  ¢,—0%
® ®
7. Using the * semantics, show that if A Fppg B, then -B Eppgr —A. (Hint:
Assume that there is a counter-model for the consequent.) Why is this not obvi-
ous with the many-valued or the relational semantics? (Note that contraposition
of this kind does not extend to multiple premise inferences: p,q Eppg p, but
p.~p¥rpE —q.)

Contrapositive proof:

Suppose that =B Fppg —A. Then for some interpretation < W, x,v >,
and some w € W, v,(=B) = 1, and v, (—A) = 0. Hence, v,+(4) = 1, and
Uw*(B) =0. SO7 A#FDE B.

The proof is not obvious with the relational semantics because there is no
easy way of getting from the fact that there is a p such that Bp0 and it is not
the case that Ap0 to the existence of a p’, such that Ap’l and it is not the case
that Bp'1.

14



8. Test the validity of the inferences in 7.5.2 using the tableaux of this chap-
ter.

(1) ¢FrspDq
qgFKk, "pVq

q,+
pVgq,—

(2) pFr,pDq
“pFr, 7pVgq

-p,+
pVq,—

(3)(pANg) DrFr, (pDq)VI(gDr)
—“(PAQVrEKR, (7pV @)V (mgVT)

~(pAg) VT +
(=pV @)V (~gVr),—
_‘p\/qa_
_‘qua_
-p, —

q, —

-q, —

r,—

_‘(p\/ Q)7+ T+
—p A, + ®
=P, +
—q, +
&

15



4 (P2 AN(rDs)Fr, (pDs)VI(rdg)
(pV @) A (=1 Vs)Fr, (mpVs) V(=1 Va)

(ﬂp\/q)/\(ﬁr\/s),Jr
(-=pVs)V(-rVvg),—
“p\/57—
_‘T\/q7_
“pVaq,+
-rVs,+
-p, —

s, —

(5) “(pDq)Fr, p
“(-pVaq) Fr, p

~(=pVa), +
p,—
-, +
g, +
D+

6) pDrEr, (pAg) DT
pVrEg, 2(pAg VT

—pVr +
_'(p A (]) Vo, —
j(p A q)7 -
T, —
—pV g, —
-p, —
—|q7—

-p,+ i+

16



(MpDgqDrExg, pDr
pV¢qggVrEg, pVr

pVgq,+
—qVr-+
ﬁp\/ﬁ—
-p, —

r,—

N

-p,+ q,+
® N
¢, + T+

0 0

The middle branch closes because of the K3 closure rule.
(8) pDqFKr, 7¢D —p
PV qFER, 7V p

—pVg +
gV op, —

-q, —
-p, —
q, —

Pt g+
(9) rs p D (qV —q)
Ers -V (qV—q)
pV(qV—q),—
-, —
q \ -q, —

q, —

g, —
Counter-model such that nothing is related to anything.

Let us check that the induced interpretation works:

It is not the case that pp0 and not the case that gpl or gp0 therefore both
of the disjuncts are untrue, and so is the conclusion.
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(10)¥ K, (pA—p) D g
Fr, 7(pAN-p)Vq

~(pA-p) Vg, —
_'(p A _'p)a -
q,—
D, \/_‘_‘pa -
_\p7 —
—\—\pf
p, —
Counter-model such that nothing is related to anything.

Let us check that the induced interpretation works:

It is not the case that ppl, and it is not the case that —pp0, so it is not the
case that p A —pp0, so it is not the case that =(p A =p)pl. It is also not the case
that gpl, therefore it is not the case that —=(p A —p) V gpl.

(1) gFg,pDq

q,+
poOgq,—

p,+ g, +
q,— P, —
(2) wFy,PDq

-p, +
leL*

p,+ g+
q, — -p, —

18



(3) (pAg) DrFp, (P2 V(gDr)

(pAg) D+
(P>g)Vi(gdr),—
quvf
qD’ra_
p,+ -q, +
q, — -p, —
/\ PN
g+ -+
r,— -q, —
qa+ _‘T7+ ® ®
r,— -q, —
®
~(pAq),+ r+ (A V-(pAg),—
-pV g, + & rV-or, —
/\ T, —
-p,+ g+ -r,—
® by ®

19



4) D> A(rDs)Fg, (pDs)VI(rdg)

(Po>a)A(rDs),+
(p2s)V(roq),—

pOq+
DS, +
pOs,—
rD(q,—
p,+ -8, +
S, — P, —
r,+ —q,+
4~ N r+ —q, +
7- o=
“p+ ¢+ pVop,— “pt+ g+ pVop,— //////T\\\\\\
® ®@ qV-og— @ © ® qV-g- P+ Gt pVop—
P 0, - ; ’ .
P —g,— TPt ¢+ pVp,— ? oo -
® ® ® ® av g = o
p,— %
—p,—
7.-
~q,—
-, + s+ rVor,—
® ® sVos,—
r,—
-,
®
(5) =(pDa@)Fg, p
=(pDaq),+
D, —
p,+
—q, +
&

20



-p;+
&

(7)p3q,q3’f":L3pDr

® /’\ qV g, —

poOnr,+
(p/\q):)rvf
p/\Q7+ —\r7_|-
= _‘(p/\Q)77
p7+ —|p\/—|q,_
q7+ —|p,_
/’\ -q, —
4+ p\V-op, — /’\
® TV T, — -p,+ r+ pV-p,—
D, — & (024 rvV-or, —
P, — r,—
® ﬁr’_
&
pOgq,+
qor,+
poOT,—
pF e
iy -p, —
q,+ pV —p,—
. a,+
n AV - ﬂl;-,— ? /’\
® rVv-or-— ® g+ r4+ gV og,—
44—7 ® ® rVv-or-—
’ e
®

“q? +
[

r,+

qv“(L*
rV-or, —
r,—

—|7"7 —



(8)pDgqFy, ~gDp

p>Og,+
-q D -p, —
—q,+ ——p, +
-p, — -q, —

/’\ D, +
q, —

—p, + g+ pV-p,—

® ®  qV-q-

q, — _‘p7+ q,+ pv—‘pv_
-q, — ® ® qV—q,—
® P, —
-p,—
®
(9) Py, p>D(qV—q)
pD(qV—q),—

T

P, + =(qV —q),+

qV g, — P, —
q, — =g N\ g, +
-q, — —q, +
-, +
q,+
oy

There is a counter-model with the following relations obtaining, and no
others:

ppl

Let us check that the induced interpretation works:

It is not the case that pp0 or ¢V —gpl, nor is it the case that none of (pp1, pp0,
qV —qpl, ¢V —qp0), because ppl. Hence it is not the case that p D (¢ V —q)pl.

22



(10)#g, (PA-p) D g

(pA-p) Dg,—
/\
DPA—p,+ g, +
q,— ~(p A -p), —
pa+ _‘p\/_‘_‘pa_
_'p7+ -p, —
& -p, —
p, —

There is a counter-model with the following relations obtaining, and no
others:

qp0

Let us check that the counter-model works:

It is not the case that p A =pp0, and it is not the case that gpl. However it
is the case that one of (p A —ppl,p A —pp0, gpl, gp0) is true, because gp0.

(1) gkFLppDyq

gFLp pVyq

pVq,—

(2) pELPPDq

-pErLp pVq
-p, +
pVagq,—

23



(3) (pAg)DrELp(pDq)V(gDT)

“(pAq)VrELp (-pVq)V (—gVr)
~(pAg)Vr,+
(=pV @)V (~gVr),—

_'p\/q7_
"q\/ra_
-p, —

q,—

-q, —

T, —

-(pVaq),+ 7+
-p A —q, + ®
—|p,+
-q, +
®

4 (pog)AN(rD>s)Fp(pDs)VI(rdgq)
(pV @) A (=rVs)FLp (mpVs)V(=rVa)

(—‘p\/q)/\(—\r\/s),-i-
(pVs)V(-rVag),—
-pVs,—
_‘TVQ7_
“pVag,+
-rVs,+
-p, —

(5) ~(pD>q)FrLpp
-(-pVaq)Frpp

~(=pVaq),+
p,—
TP A g,
—\—|p7—|—
—q, +
D, +

24



6)pDrELp(pAg)Dr

pVrELp ~(pAg) VT

—pVr +
_'(p A (]) Vr,—
j(p A q)’ -
r,—
—pV g, —
-p, —
—|q7—

p, Tt

(MpDgqgdDr¥LppDr

-pVgq,~qVr¥rppVr

pVg,+
—qVr+
-pVr —
-p,—
r,—
-p, + q,+
& N
-q,+ r+
®

There is a counter-model with the following relations obtaining, and no
others:

ppl,qpl, qp0,rp0

Let us check that this counter-model works:

qpl so =pV gpl. gp0 so —gpl, and —qV rpl. Neither —p nor r are related to
1, so it is not the case that —p V rpl.

25



®)pDgFLp gD —p
-pVqFErLp gV D

pVq,+
=gV op, —
ﬁﬁq7 —
-p, —
q, —

-, + g+

(9) FLpp D (qV —q)
Frp —pV (¢V —q)

—pV(qV—q),—
‘\p7—
qV g, —
¢ —
—\q,f

Closes due to the LP closure rule.
(10)kLp (pA—p) D q
Frp ~(pA—p)Vq
~(pA-p) Vg, —
—(p A —p), —
q,—
-p, \/_'_'pa -
-p, —

—|—\p—
p,—

Closes due to the LP closure rule.
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RMs5
(1) ¢FrMs PO ¢

q,+
p3q7_
/\
P+ g+

q, — -p, —
X

There is a counter-model with the following relations obtaining, and no
others:

ppl,apl, qp0

Let us check that this counter-model works:

The premise, ¢ is true, but it is also false, while p is true rendering the con-
clusion p D ¢, undesignated.

(2) pFrMm, P D g

-p, +
poOgq,—

N
P+ g+

q,— 7P, —
&

There is a counter-model with the following relations obtaining, and no
others:

ppl, pp0, gp0

Let us check that this counter-model works:
pp0 so —ppl. It is not the case that either, (it is not the case that ppl) or

(it is not the case that gp0) or all of (ppl, pp0,gpl, gp0), because it is not the
case that gpl. So it is not the case that p D gpl.
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(3)(pANg) DrFru; (PD @)V (gDT)

(pAg) D+
P>q)V(gdr),—-
qu77
quv_
D, + ﬁq,+
q, —
N
g+ -+
r,— -q, —
® ® g
-q, —
/[\ &
PAG — 7_ p/\q p/\q +
N AT+
P, — q,— r, +
® ® N



4) (p2>g)AN(r>s)Fruy (pDs)VI(rDag)

(Po>a) N
(po>s)Vv
pOq,+
rDs,+
pOs,—
r2q,—
T
S, —
T, + —\q,+
a-
p—  g,— pA-p+
© g ghmat p= - pAP+
o+ qA-g+
T P+
® -, +
q,+
—q, +
r,— —s,— T g
® ®
(5) ~(p 2 q) Fruy p
(r2q),+
D, —
D, +
—q, +
&

-8, +
‘\p —

g, +
-, —

¢— PATP,+ p— -q, =
® qAN—q,+ ® ®
q,+
—q, +
®

I

PATD+
qA =G+
p,+
-p, +
®



(6) pDrErM, (PAG) DT

pOnr,+
(p/\q):)?",*

T

pPAg,+ -, +
r,— ﬁ(p/\Q>7_
P+ “pV g, —
Q7+ -p, —
/’\ -q, —
p,— -r,— pA-D,+ /’\
b2 b2y T/\_\T,+ D, — -r,— p/\_‘pa+
r,+ & & rA-r, 4+
_'7"+ p7+
® -p,+
&
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(MpDgqDrErm,pDT

POq,+

q>Dr,+

poTr,—
p,+ -, +
Ty = -p, —

- -q, — pA-p,+ © /’\
® g\ g, +

q, — = gNA—g+ -p,+
® ® AT, + q.+ q,+
g+ —g, + et
ﬁq7+ ®
5 I
q,— -r,— A+
® ® r AT+
T, +
-, +
®
(8) P D> qFRrRM; ~¢ D —p
pDOgq,+
-q D) -p, —
—q, + —p, +

—|—|q’ —

—|p77
q,—
® ® g\ —gq,+

D, + p,— -¢,— DpA-p+
-p,+ & by g g, +
® q,+
—q, +
&

(9) ¥rary p D (¢ V —q)

pAp,+

qN =g+
p,+
-p, +



pD(qV—q),—

T

p, + —(qV —q),+

qV g, — -p, —
q,— g A g, +
-q, — -q, +
® -—q,+
q,+

There is a counter-model with the following relations obtaining, and no
others:

ppl,apl, qp0

Let us check that the counter-model works:

ppl, ¢V —qp0, and it is not the case that pp0. Therefore it is not the case
that p D (q V =q)pl.

(10)¥rns (P A—p) D g

(pA-p)Dq,—
/\

p A -p, + -q, +
q,— =(p A =-p),—
p,+ —pVp,—
_'p7+ -p, —

P, —
b, —
®

There is a counter-model with the following relations obtaining, and no
others:

ppl,pp0, qp0

Let us check that the counter-model works:

Since ppl and pp0, pA—ppl. Also gp0 and it is not the case that gpl. There-
fore it is not the case that(p A —p) D gpl.

10.* Check the details omitted in 8.7.3.
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AV B

Suppose that we apply the rule for AV B, +. Since p is faithful to the branch,
AV Bpl. So either Apl, or Bpl; in either case, p is faithful one of the branches.

Suppose that we apply the rule for AV B, —. Since p is faithful to the branch,
it is not the case that AV Bpl. So it is not the case that Apl and it is not the
case that Bpl, as required.

—-(AAB)
—(A A B)pl iff AA Bp0 iff =Apl or =Bpl, iff ~AV —Bpl.

So, if p is faithful to a branch and we apply a rule to =(A A B),+ then
—(AAB)pl. Hence ~AV —Bpl as required. And if p is faithful to a branch and
we apply a rule to =(A A B), — then it is not the case that =(A A B)pl, hence
it is not the case that A V —Bpl as required.

-(AV B)
—(AV B)pl iff AV Bp0 iff =Apl and —Bpl iff =A A =Bpl.

So if p is faithful to a branch and we apply a rule to —(A V B),+, then
—(A A B)pl. Hence -A A ~Bpl as required.And if p is faithful to a branch and
we apply a rule to =(A V B), — then it is not the case that =(A Vv B)pl, hence
it is not the case that =A A =Bpl as required.

ﬁﬁA

——Apl iff =Ap0 iff Apl.

So if p is faithful to a branch and we apply a rule to =—A, +, then =—Apl.
Hence Apl as required. And if p is faithful to a branch and we apply a rule to
——A, —, then it is not the case that =—Apl, hence it is not the case that Apl

as required.

11. *Show that the tableaux of 8.4a.4 and 8.4a.5 are sound and complete
with respect to the semantics of Ly and RMj3. (Hint: consult 8.7.8 and 8.7.9.)

The proof for each will be a modification of the proofs for K3 and LP re-
spectively.
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This proof will be a modification of the proof for K3. The only points at
which the two systems differ is the conditional. Thus there will be new cases in
the Soundness Lemma for the new conditional tableau rules, and corresponding
new cases in the Completeness Lemma.

Soundness:
‘We have four new rules for D.
ADB,+

Suppose that we apply the rule for A D B, 4. Since p is faithful to the
branch, A D Bpl. Hence Ap0 or Bpl or (none of Apl, Ap0, Bpl, Bp0).

In the first case p is faithful to the left branch. In the second case, to the
middle branch. And in the third case, p is faithful to the right branch.

ADB,—

Suppose that we apply the rule for A D B,—. Since p is faithful to the
branch, it is not the case that A D Bpl. Hence (it is not the case that Ap0)
and (it is not the case that Bpl) and (at least one of: Apl, Ap0, Bpl, Bp0).
It follows that one of Apl, Bp0. In the first case p is faithful to the left branch.
In the second case, it is faithful to the right branch.

-(AD>B),+

Suppose that we apply the rule for =(A D B),+. Since p is faithful to the
branch, —=(4 D B)pl. So, by the rule for =, A D Bp0. Thus Apl and Bp0, as
required.

—\(A D B), -

Suppose that we apply the rule for =(A D B), —. Since p is faithful to the
branch, it is not the case that A O Bp0. Hence it is not the case that Apl or it
is not the case that Bp0. In the first case p is faithful to the left branch, in the
second case, it is faithful to the right branch.

Completeness:

The K3 closure rule guarantees that the induced interpretation is an L3 in-

terpretation, however the four new rules also need corresponding cases in the
Completeness Lemma.
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ADB,+

If A D> B,+ occurs on b, then =A,+ or B,+ or AV —-A,— and BV -B, —
occur on b. By induction hypothesis, either Ap0, (in which case A D Bpl) or
Bpl (in which case A D Bpl), or it is not the case that AV—-Apl and BV—-Bpl,
(in which case A D Bpl).

ADB,—

If A D B,— occurs on b then either A,4+ and B,— occur on b, or =B, +
and —A, — occur in b. Consider the first case. By induction hypothesis, Apl,
and it is not the case that Bpl. Since this is an L3 interpretation, it is not the
case that Ap0. Hence (it is not the case that Ap0) and (it is not the case that
Bpl) and (at least one of: Apl, ApO, Bpl, Bp0). Hence it is not the case that
A D Bpl. In the second case, by induction hypothesis, Bp0 and it is not the
case that Ap0. Since this is an Lg interpretation, it is not the case that Bpl.
Hence (it is not the case that Ap0) and (it is not the case that Bpl) and (at
least one of: Apl, Ap0, Bpl, Bp0). Hence it is not the case that A D Bpl.

-(AD B),+

If =(A D B),+ occurs on b, then A, + and =B, + occur on b. By induction
hypothesis Apl and Bp0. Hence A D Bp0, as required.

-(AD> B),—

If =(A D B),— appears on b, then either A, — or =B, — appear on b. By
induction hypothesis, either it is not the case that Apl or it is not the case that
Bp0 In both cases it is not the case that A D Bp0, as required.

RMs5

This proof will be a modification of the proof for LP. The only points at
which the two systems differ is the conditional. Thus there will be new cases in
the Soundness Lemma for the new conditional tableau rules, and corresponding
new cases in the Completeness Lemma.

Soundness:

ADB,+

Suppose that we apply the rule for A D B,+. Since p is faithful to the

branch, A O Bpl. Hence it is not the case that Apl or it is not the case that
Bp0 or (Apl and Ap0 and Bpl and Bp0).

35



In the first case p is faithful to the left branch. In the second case, to the
middle branch. And in the third case, p is faithful to the right branch.

ADB,—

Suppose that we apply the rule for A D B,—. Since p is faithful to the
branch it is not the case that A D Bpl. Hence, Apl, Bp0, and not all of (Apl,
Ap0, Bpl, Bp0). Hence either it is not the case that Ap0 or it is not the case
that Bpl. In the first case, p is faithful to the right hand branch. In the second
case p is faithful to the left hand branch.

-(AD B),+

Suppose that we apply the rule for =(A D B),+. Since p is faithful to the
branch, —=(A D B)pl. So, by the rule for =, A D Bp0. Thus Apl and Bp0, as
required.

-(AD B), -

Suppose that we apply the rule for =(A D B), —. Since p is faithful to the
branch, it is not the case that =(A D B)pl. So, by the rule for —, it is not the
case that A D Bp0. Thus it is not the case that Apl and Bp0; that is, it is
either not the case that Apl or not the case that =Bpl as required.

Completeness:

The LP closure rule guarantees that the induced interpretation is an RMj5
interpretation, however the four new rules also need corresponding cases in the
Completeness Lemma.

ADB,+

If A D B,+ occurs on b, then A, — or =B, — or AAN—-A,— and BA—-B,—
occur on b. By induction hypothesis, either it is not the case that Apl, (in
which case A D Bpl) or it is not the case that Bp0 (in which case A D Bpl),
or it is not the case that A A =Apl and B A =Bpl, (in which case A D Bpl).

ADB,—

If A D B,—, occurs on b then either A,+ and B,— or =B,+ and —A, —
occur on b. In the first case, by induction hypothesis, Apl and it is not the case
that Bpl. Since this is an RMj3 evaluation, Bp0. Hence: Apl and Bp0 and not
all of (Apl, Ap0, Bpl, Bp0). So it is not the case that A D Bpl. In the second
case, by induction hypothesis, Bp0 and it is not the case that Ap0. Since this
is an RMj3 interpretation, Apl. Hence, Apl and Bp0 and not all of (Apl, Ap0,
Bpl, Bp0). So it is not the case that A D Bpl.
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-(A D B),+

If =(A D B),+ occurs on b, then A, + and =B, + occur on b. By induction
hypothesis Apl and Bp0. Hence A D Bp0, as required.

-(ADB),—
If =(A D B),— appears on b, then either A, — or =B, — appear on b. By

induction hypothesis, either it is not the case that Apl or it is not the case that
Bp0 In both cases it is not the case that A D Bp0, as required.
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