1. Complete the details left open in 5.2.1, 5.4.3, 5.5.4, 5.5.8, 5.6.11, 5.7.2,
5.7.6 and 5.8.8.

5.2.1: Check that Antecedent strengthening, Transitivity, and Contraposi-
tion are valid in classical logic.

ADBF(ANC)D B

ADB,BOCFADC

ADB,CF-B>-A



5.4.3 Check that the second and third arguments of 5.2.2 are invalid.
p>q,q>r¥cop>r

p>q,0
q>r,0
=(p>7),0
Orp,1
-, 1
q,1

Counter-model such that:

W = {wo, w1 }; woRpwi; vy, (q) = 1,04, (r) =0

This can be represented in the following picture:

Wo — wy

q,r
p>q¥Fc—q>-p

P>q,0
_‘(_‘q > _‘p)vo
Or_,1
—\—\p,l
p,1

Counter-model such that:

W = {w()v wl}; wORﬁqwl; Uy (p) =1

This can be represented in the following picture:

-9
wo - w1



5.5.4: Check that modus ponens for > fails in C.
»p>qFoq

p,0
p>q,0
—q,0
Counter-model such that:

W= {wO};vwo(p) = lavwo(Q) =0

This can be represented in the following picture:

Wo
p,—q

5.5.8 Construct a simple interpretation showing that p > r ¥+ p > (r A q).

p
~
Wo

b, 7, 7q

p > 7 is true at wp: wyp is the only p world, and r is true there. p > (r A q)
is false at wyp, because wy is a p world, and —¢, and hence r A g is false there.
This countermodel satisfies conditions (1) and (2), because at all p-worlds p is
true, and vice versa.



5.6.11: Check that p > ¢, > p¥c+ (p>71)= (¢ >7r)

p>q,0
q>p,0
=((p>r)=(¢g>1)),0

p>r0 =(p>r),0
—(g>1),0 (g>r),0
Orgl Or,1
q,1 P, 1
-, 1 -, 1
-q, 1 q, 1 b, 1
® 1r,1 1rpl
P, 1 g1
-1 p,1 q,1 —q, 1
® 1r,1 1rgl ®
-, 0 p,0 p,0 -, 0
0r,0 0r,,0 N
(],O _‘qvo q70 q70 an _'an
Or,0 ® 70 7,0 Or,0 ®
p,0 PN PN p,0
® .0 —¢,0 ¢0 —¢0 ®
Or,0 ® Or,0 ®
P, 0 p,0

Counter-model from left-most open branch such that:

W = {wo, ’LUl}
wo Rpwo, wo Rqwo, w1 Rpws, w1 Rqws, woRgws; for all other A, fa(w) = [A]
Uwo(p) = 1,'Uw0((I) = 1vvw0(7n) = 17Uw1 (p) = 17Uw1 (Q) = 1avw1 (T) =0

This can be represented in the following picture:

p,q
nd q ~
wo w1

P, q,r p,q=r



5.7.2 Show that Conditional Excluded Middle is not valid in S.
Fs(p>aq)V(p>—q)

Since there is no tableaux system for .S, I will simply draw a similarity sphere
diagram:

In the above, there are two most similar worlds to wg where p is true. ws
makes ¢ false, meaning that p > ¢ is false at wg, and w; makes ¢ true, meaning

p > —q is false at wg. Thus the disjunction is false at wg, and the inference is
invalid in S.

5.7.6 Check that AA BE A > B does not hold in S.
PAGFsp>q

Since there is no tableaux system for S, I will draw a similarity sphere dia-
gram directly:

w1

w,
p.q p.mq |So

In the above, p A g is true at wg. However, in S, wy is not guaranteed to be
a unique world most similar to itself. Perhaps counter-intuitively, w; is a world

equally similar to wp, except that ¢ is false there. Therefore p > ¢, is false at
wp and the inference is invalid.



5.8.8 Check that OBF A > B, (0-AF A> Band F (AA—A) > B in C*
OBFe+ A> DB

0B, 0
-(A> B),0
Ol"Al
Al
-B,1
B,1

0-A l_c+ A>B

0-4,0
-(A> B),0
01",41
Al
-B,1
-A 1

3

Fer (AN-A)> B

~(AA-4) > B,0
0ran—al
AN-A1

~B,1
Al
A1
&



2. Show that the following are true in C:
(a) O A=B)F(C > A)=(C>B)

O(A=DB),0
-((C > A)=(C > B)),0

C>A0 -(C > A),0
-(C > B),0 (C>B),0

Orcl Orcl
-B,1 -A, 1
Al B,1
A=DB,1 A=B,1
PN
Al —A1 A1 -A1
B,1 -B B,1 -B
& & ®

A>(BANC),0
-((A>B)A(A>()),0

-(A>B),0 —=(A>C),0

01",41 OI‘Al
-B,1 -C,1
BAC1 BAC,1
B,1 B, 1
C,1 C,1
® &

() (A>B)A(A>C)FA> (BAC)

(A>B)A(A>C),0
~(A> (BAC)),0
A>B,0
A>C,0
01",41
~(BAC),1
B, 1
C, 1

-B,1 =C
® ®



(d)A>BDOO)F(A>B)D(A>0)

A>(BD>(),0
-((A>DB)D>(A>(C)),0
A> B0
-(A>0C),0
Ol"Al
-C,1
B,1
BD>C,1

/\
-B,1 C
& &

(e)F A > (BV-B)

—(A > (BV~-B)),0
OI"Al
-(BV-B),1
-B,1
-—B,1
®

3. Show that the following are false in C, but true in C*. Specify a C
counter-model.

(a)Fp>p
Yop>p
=(p>p),0
Orp,1
—-p, 1

Countermodel such that:

W = {wo, w1 }; woRpw1; vy, (p) =0

Ferp>p

=(p >p),0
Orp,1
p,1
=p, 1
®



(b) p,p>qtq
¥Foep,p>qbkq

p,0
p>q,0
=q,0

Countermodel such that:

W = {U}()};'Uwo(p) = lavwo(Q) =0
Fe+rpp>qlq

p,0
p>q,0
_'an
N
pvo _‘pvo
Or,0 ®
q,0
®

(c)p3qkp>q

P3q¥cp>q

Op>q)Fop>q

O(p D q),0
—(p>q),0
Orpl
—\q71
pDgl

-p,1 g1
Countermodel such that:

W = {wo, w1 }; woRpw1; vy, (p) = 0,04, (q) =0



P3qFctp>q
Op>q) Ferp>q

O(p 2 q),
—(p > q),
Orpl
p,1
—q, 1
pOgl

oS o

-p, 1 q,1

(d) pA=gF=(p>q)
pA—qFce—(p>q)

pA=q,0
-=(p > q),0
p>q,0
p,0
-q, 0

Countermodel such that:

W = {’LU()}; Vg (p) =1, 0y, (q) =0
PA-qEer —(p>q)

pA—q,0
==(p > q),0
p>q,0
p,0
—q,0
N
D, 0 -p, 0
Or,0 ®
q,0
®

10



4. Show that the following are false in CF. Specify a counter-model, either
by constructing a tableau, or directly.

(a)p>qF(pAT)>q

p>qFer (pAT)>4q

p>q,0
“((pAT)>4q),0
Orle
pAT1
g, 1
p;1
r, 1
_‘pal p,l
& 1r,1
pAT,1 —(pAr),1
17“p/\7,1 PN
1 -p, 1 -1
r, 1 ® ®
-p,0 p,0
07,0
pAr,0  =(pAT),0 q,0
OT'p/\TO /\
p,0 P00 pAT 0 S(pAT),0
® @ a0 PR
0,0 -p,0 7,0
r, 0 ®

Countermodel from the left-most open branch such that:
W = {wo, w1}
wo Rparwr, w1 Rpwr, w1 Rparwy; for all other A, fa(w) = [A]

Vwg (p) = 07 Vw, (p) = 17 Vw, (Q) = 07 Vw, (’I") =1

This can be represented in the following picture:

11



DyPAT

pAT ~
wo — w1
—p D, g, T
(b) p>qgF—q>-p
p>q¥Fco+ ~q>-p
p>q,0
_‘(_'q > _'p)a 0
Or—41
—q, 1
—\—\p’ 1
p, 1
p,1 -p,1
Ir,1 ®
—q,1 —g, 1
Iro,1 ®
p,0 -p, 0
Or,0
q, 0 -q, 0 —-q, 0

T 0r-40 q,0
-q, 0 -q, 0 &
0r-40 q,0

®

Counter-model from the left-most open branch such that:
W = {w()v wl}
woRpwo, woR-qw1, w1 Rywq, w1 R-qws; for all other A, fa(w) = [4]

Vwq (p) =1, Uy, (Q) =0, U, (p) = 1,0y, (Q) =0

This can be represented in the following picture:

» P2
~ —q

wo w1

P, q b, q

12



)p>q,q>rEp>r
p>q,q>r¥Forp>T

P>q,0
q>rnr0
=(p>r),0
Or,1

pa]- _'pa]-
1,1 ®

-q, 1 q, 1

p,0 =p,0

0r,,0 N
q q,0 —q,0

P Or,0
q, 0 -q, 0 T, 0

Or,0 ®
7,0

Countermodel from left-most open branch such that:
W = {w()v wl}
woRpwo, wo Rywo, wo Rpwr, w1 Rywy, wy Rqwy; for all other A, f4(w) = [4]

Uwo(p) = 1;”11)0((]) = 17Uwo(r) = 1,0y, (p) =1, vy, (Q) =1, v, (7") =0

This can be represented in the following picture:

p,q

e,

wo w1
p,q,T b,q,—T

13



5. Show that the following fail in C', but hold provided we add the condition
on f indicated.

(a) pvag) >rE(@>r)A(g>T)

fp(w) U fq(w) - fp\/q(w)

(pVag)>r¥cp>r)AN(g>r)

(pVvq) >r0
—((p>r)A(g>r)),0
=(p>r),0 —(¢g>r7),0
Orpl Orql
-, 1 -, 1

(pVa) >rtc(p>r)A(g>r)
with the condition

fp(w) U fq(w) - fp\/q(w)

Suppose that (pV q) > r is true at a world of an interpretation, w. Then
fpvq C [r]. By the condition, f, C [r] and f, C [r]. Sop >, ¢ > r, and so
their conjunction, are true at w.

Although strictly it requires us to show the soundness of the condition before
proceeding, this can also be shown using a tableau.

(rVvq) >r0
=((p>71)A(g>r)),0

T

=(p>7),0 —(¢g>r),0

Or,1 Orgl
-, 1 -, 1
Orpvq]. Orp\/q].
r, 1 r, 1
® ®

14



) (p>r)A(g>r)E(pVe) >r
fova(w) C fp(w) U fo(w)

(p>r)A(g>r)¥Fc (pVa >r

(p>r)A(g>r),0
~((pVq) >r),0
p>r0
q>r0
Orp\/ql
-, 1

(p>r)AN(@>r)Fc(pVg >r
with the condition

fovg(w) C fp(w) U fo(w)

Suppose that (p > ) A (¢ > r) is true at a world of an interpretation, w.
Then f,(w) C [r] and fy(w) C [r]. So, fp(w)U fq(w) C [r], and, by the condition
fpvg(w) C [r], as required.

Although strictly it requires us to show the soundness of the condition before
proceeding, this can also be shown using a tableau.

(p>r)A(g>r)0
~((pVq) >r),0
p>r0
q>r,0
Orpvq,].
-, 1

/\
Orp,1  Orgl
r, 1 r, 1

® ®

()p>qqg>rFE(pAg) >r
If fp(w) C [q], then fyng(w) C fo(w)

p>qq>r¥c(phg) >r
p>q,0
q>70

“((pAg)>r),0
07’p/\q1
-, 1

15



p>qq>rkFc(phg) >r
with the condition

If fp(w) C lq], then fpnq(w) C fo(w)

Assume p > ¢ and ¢ > r are true at a world of an interpretation, w. Then

fp(w) C[g] and fq(w) C [r]. By the condition, fyrq(w) C fy(w). So, fprq(w) is
contained in [r]. Hence (p A ¢) > r as required.

Although strictly it requires us to show the soundness of the condition before
proceeding, this can also be shown using a tableau.

p>4q,0
q>10
~((pAgq)>r),0

Orp/\ql

-r, 1

Oryl

r, 1

&

6. Show that the following fail in C*, but hold in S:
(a) OpF —(p > (¢ A —q))
OpFe+ =(p>(g/—q))

Op, 0
—=(p > (g A —q)),0
p>(qgA—q),0
Orl

p,1

p,1 -p, 1
1yl ®

p,0 -p,0
07,0
q A\ —q,0

q,0
—q,0

Counter-model such that:

W = {wo, w1 }; woRw1, w1 Rywn; for all other A, fa(w) = [A]; v, (p) = 0, vy, (p) = 1

16



This can be represented in the following picture:

P
m
wo wq

This is a CT model because it satisfies conditions (1) and (2): fa(w) C [A]
and, if w e [A], then w e fa(w).

Opts =(p> (¢ A —q))

There are no tableaux for S so I will give a direct proof.

Suppose that the premise is true, and the conclusion false. Then at some
world, wg, Op and p > (¢ A —¢q) are true. By the first of these, there is a world,

w, such that w e f,(wp). By the second, f,(w) C [g A —q|. Hence, ¢ A ¢ is true
at w, which is impossible.

b)p>q,-(p>-r)F(pPAr)>q
p>q,~(p>-r)Fer (pAT) >q

I will simply specify a counter-model:

W = {wp, wy,wa}
woRpwi, w1 Rpwr, woRparwa, w1 Rqws, w1 Rpar lwa Rpws, wo Ryarwo; for all other A, fa(w) = [A]
Vg (P) = 0,00, (p) = 1,00, (q) = 1,00, (1) = 1,00, (p) = 1,00, (q) = 0, vu, (r) =1

This can be represented in the following picture:

wo
-p
pAT P
D,PAT D,PAT
m m
w2 w1
p, g, T p,q,T

p > q is true at wy because at the only p-world in relation to wy, ¢ is true.
=(p > —r) is true at wy because at only p-world in relation to wp,r is true.
(p Ar) > q is false at wg because at the only (p A r)-world in relation to wo, ¢
is false. Therefore the inference is invalid.

17



This is a C™ model because it satisfies conditions (1) and (2): fa(w) C [A]
and, if w e [A], then w e fa(w).

p>q,(p>-r)ks(pAr)>q
I will show that this is valid in S with a direct demonstration.

Suppose that at some world of some interpretation, wg, the premises are
true. Then at all the closest worlds where p is true, ¢ is true, and at one of
these r is also true. Now, consider the worlds closest to wy where p A r is true.
There are such things amongst the closest worlds where p is true, and those
must be the closest to wg. At all of these, ¢ is true. Hence, the conclusion is
true.

(c)Op=qgF(p>r)=(q>r)
Op=q)Fcr p>r)=(g>7)

I will specify a counter-model directly:

W = {w07 wl}
ngpwg, ’LU()wa(), ’LU()wal, w1 Rp’LUl, w1 wal
Uwo(p) = ].,'Uwo((]) = ].,Uwo(?") = 1,04, (p) =1, vy, (Q) = ].,’UwO(T') =0
for all other A, f4(w) = [A]

This can be represented in the following picture:

p,q
e,
wo w1

D, q,T p,q,—T

At both worlds, the truth value of p and ¢ are the same, so the premise
O(p = q) is true at wp. In wg, p > r is true (because wy is not p-related to wy).
However, ¢ > r is false, because r is false at w;. This model satisfies (1) and
(2), and so is a C4 interpretation.

Op=q¢ksp>r)=(@>r)
I will show that this is valid in S with a direct demonstration.

If the premise is true, then the truth value of p and ¢ is the same at every
world. So fp(w) = fy(w). And so f,(w) C [r] iff fy(w) C [r].

18



7. By constructing a suitable sphere model, show that the inferences of
problem 4 also fail in Cy. Show that the following is also false in Ca: (pV q) >
rE(p>r)A(g>r).

(a)p>qF(pAT)>q

b, Elq’r SO Sl

wp is the unique closest world at which p is true, and ¢ is true there, so the
premise is true. However the closest world at which p A 7 is true is wy, and ¢
is false there, so the conclusion is false. Each of Sy and S; — Sy has only one
world in it, so the model is a C5 interpretation.

(b) p>qkE—g>-p

w1

D5 q So S

wy is the unique closest p-world, and ¢ is true there, so the premise is true.
However the closest —¢g-world is wg, and there p is true, so the conclusion is
false. Each of Sy and S; — Sy has only one world in it, so the model is a Co
interpretation.
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)p>q,q>rEp>r

b, qu71_‘r S() Sl

At the unique closest g-world, wg, 7 is true, therefore the second premise
q > r is true at wg. At the closest p world, ws, ¢ is true, therefore the first
premise p > ¢ is true. However at the closest p world, w; r is false, so the
conclusion p > r is false. Each of Sy and S; — Sy has only one world in it, so
the model is a C5 interpretation.

(d) (pVg)>rE@E>r)A(g>r)

w1

q,r S() Sl

At the closest world where pV ¢, wg, 7 is true, making the premise true. At
the closest world where ¢, r is false. Therefore ¢ > r is false at wg, and the
conclusion, (p > 1) A (g > r) is also. Each of Sy and S; — Sy has only one world
in it, so the model is a Cy interpretation.

8. Determine whether the following hold in each of C and Cb:

(a)p>(Vvr)E(p>qVp>r)

This holds in Cy, but not in Cy:

C5: Let us assume the conclusion is false for a contrapositive proof. —=(p > ¢q),
and —(p > r) are true at wy. Then there is a p-close world where—q and a p-close

world where —r, both relative to wg. In Cs, by (6), because they both contain
p, these two worlds are the same. Therefore there is a p-close world relative to

20



wo where: p, =g, —r. But then the premise p > (¢ V r) is false at wy.

Cy: (7) allows for the possibility of as many worlds as one likes, all equally
similar worlds relative to w where p, as long as p is not true in w. Using this
we can construct a counter-model.

In every p-close world to wg, g V r is true, however it is not the case that
either p > q or p > r is true at wy: w; makes the former false, and wy the latter.

This is a C interpretation because Sy is a singleton (see 5.7.8.).

(b) p>qqF—g>-p

This holds in both C; and Cs.

Let us assume the conclusion is false for a reductio. Then —(—g > —p) is
true at wg. So there is a world in the closest similarity sphere for ~g where p.
But because =g is true at wp, the closest ~¢ world must be wq, by (6) or (7).
Which means that, since p is also true there, wyq is also the closest p world, and
S0 ¢ is true at wy. Contradiction.

(c) Op,p>aF =(p> —q)

This holds in both C; and Cs.

Let us take the conclusion to be false for reductio. Then p > —¢ and p > ¢
are both true at wg. So, fp(wo) C [¢] and f,(wo) C [~¢g] which is contradictory
by either (6) or (7), unless f,(w) = ¢, but by Op it does not.

(dp>@p>aFp>q

This holds in both C5 and (.

Let us take the conclusion to be false for reductio. Then there is a p-close
world to wg, w’, where —q. The premise asserts that p > ¢ is true at all p-close
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worlds, so it is true at w’. By (6) or (7) w’ is the unique p-close world to itself.
Therefore ¢ is true in w’. Contradiction.

(e)p>(g>r)Fqg>(m>r)

This is not valid in Cy or (.

wo
Sy

wq w1 w1
SO Sl 2

w2 w2 w2
SO Sl 2
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The premise p > (¢ > r) is true at wy — the closest p world is ws, and from
wsy the closest ¢ world is wy, where r is true. The conclusion is false — the
closest ¢ world is w,, and from w; the closest p world is wy, where r is false.

This is a C7 interpretation because Sy is a singleton, and a Cs interpretation
because for every other S;, S; — S;_1 is also a singleton. (see 5.7.8.)
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