1. Check the details omitted in 4.4.3, 4.4a.12, 4.4a.13, 4.5.4, 4.6.2 and 4.6.3.
4.4.3 Check that Fx O(p D O(¢ D ¢q)).

-O(p 20(¢ 2 ¢)),0
O=(p > 0(¢ 2q)),0
Orl
=(p>U(gDq))1
p,1
-0O(¢ D q),1
O-(¢ D q),1
1r2
(¢ > q),2
q,2
—q
®

4.4a.12 Check that =O(0p A O—p) is not logically valid (in L).
¥r =0(0p A O-p)

==0(0p A O-p), 0
O(Op A O=p), 0
Orl
Op A O—p, 1
Up, 1
<>_'pa 1

Countermodel such that:

W = {wo, w1 }; N = {wo}; vw, (Op) = 1,04, (0p) =1

Up
O—p

wo = [a]



4.4a.13 Check that =O(0p A O—p) is valid (in N).
Fn —0(0p A O-p)

==0(0p A O-p), 0
O(Dp A <>_‘p)7 0
Orl
Op A O—p, 1
Op, 1
<>_'pa 1
1r2
-p, 2
p,2
®

4.5.4 Check that the following are invalid, and show that they are invalid in
all the normal and non-normal logics we have looked at.

B¥g, A-3B

q¥k, OP>Dq)

q,0
-0 2 ¢),0
<>_'(p o (])70
_‘(p o Q)’ 1

p,1

—q, 1

The following interpretation shows this inference to be invalid:
W = {wo, ’LUl}

Vuo (q) = 1,00, (p) = 1,04, (¢) =0

~A ¥ A-3B
—p¥k, "OpDq)

=p,0
-0 2 ¢),0
<>_'(p o (])70
—(pDaq),1

p,1

—q, 1



The following interpretation shows this inference to be invalid
W = {'w(), U}l}

Vg (P) = 0,00, (p) = 1,0, (g) = 0

(A A B)-3C Ex, (A-30) V (B-3C)

O((pAq)Dr) ¥k, DpDr)vO(gDr)

O(pAg) D1),0
(0 >r)vD(g>r)),0
-0O(p > r),0
=0(¢g D 7)0
O=(pD1),0
O0=(¢g >1),0

(pAg) D10
-(pDr),l
p, 1
-, 1
(pAg) D71

The following interpretation, taken from the left-most open branch, shows

this inference to be invalid:



W = {wO) wy, wQ}

UU)O (p) = O,'le (p) = 17’le (Q) - 17U1U1 (T) = 0) UU)Q (p) = 0) UU)Q (Q) = 0) UU)Q (T) - O

(A-3B) V (C-3D) E, (A-3D)V (C-3B)
Op>q¢VvO(rDs) ¥k, OpDs)vO(rDq)

O(p>q¢) vO(rDs),0
-(0O(p>s)vO(r Dq)),0

-0O(p O 5),0
-0(r 2 q),0
O=(p 25),0
O=(r 2¢q),0
-(p D)1
p,1
s, 1
—(r>4q),2
r,2
—q,2
O(p Dq),O/\D(rD s),0
(r>4q),0 (r D s),0
(r2q)1 (r>s),1
(r>q),2 (r>s),2
/\ ® /\ ®
-p, 1 q,1 —r, 2 s,2
® N ® PN
—'p,O (]70 _'7",0 870

The following interpretation, taken from the left-most open branch, shows
this inference to be invalid:

Vg (p) =0,V (p) = 1,04, (3) =0, Vo, (p) =0, Va, (Q) =0, Vi, (’I“) =1



~(A3B) ¥k, A
-Op > q) Fr, p
-O(p 2 q),0
-p,0
O=(p 2 q),0
-(pDaq),1
p,1
—q, 1

The following interpretation shows this inference to be invalid:

W = {wo,wl}

Vwg (p) =0, Vwy (p) =1, Vw, (Q) =0

Since the preceeding are invalid in the strongest logic we have dealt with
K, they must be invalid in every logic we have dealt with.

[ ]
4.6.2 Show that modus ponens for —3 holds in K,, and L,,.
A A3Btr, B
A OADB) L, B
A0
0O(A D B),0
-B,0
ADB,0
N
-A,0 B,0
® ®
K, is an extension of L,, therefore A, A-—3B g, B also holds.
|



4.6.3 Show that OB F A—3B, -0A E A3B, F A=3(BV —-B) and E
(A A —=A)—=B hold in all modal logics.

The weakest modal logic we have met so far is L. I will show that they hold
in L and this will imply that they hold in all logics we have dealt with so far.

OB+, A3B
OB+, O(A D B)

0B, 0
-0(A D B),0
O—(A D B),0

Orl
-(ADB),1

B,1

Al

-B,1

)

By Soundness: (0B F;, A-—3B

~0AF, A3B
~0AF, O(AD B)

-0A,0
-0(A D B),
0-(A > B),

0-A4,0

Orl
-(ADB),1
-4, 1

)

o o

By Soundness: -0A F;, A—3B



Fr A%(B \Y —\B)
Fr O(A D (BV-B)

~0(A > (BV -B)),0
0-(A D> (BV-B)),0
Orl
-(AD (BV-B)),1
Al
-(BV-B),1
-B.1
B, 1
b2
By Soundness: F;, A—3(BV —B)

FL (AA-A)—3B
F2 O((AA-A4) > B)

-0((AA-A) D B),0
O-((AN—-A) D B),0
-((AAN-A) D B),1
AN-A1

-B,1

Al

A1

®
By Soundness: Fr, (AA-A)3B

2. Show the following for N:
(a) HA3A
FOMADA)

-0(A D> A),0
O—(AD A),0
Orl
-(AD A),1
Al
-A,1

3



(b) F ((A—3B) A (B3C))3(A-3C)
FO(@MADB)AO(BDC))DO(ADC))

-O(0A>B)AOMBD>C)>OADC)),0
O-(OAD>B)AOBD>C)) >DOADC)),0
Orl
-(OAD>B)AOBDC)>0OAD0O)),1
OA>B)AOBDOO),1
-0(ADC),1
0O(AD B),1
O(B > O),1
O0-(ADC),1
1r2
-(ADC(C),2
ADB,2
B>C,2
A2
-C,2

—A,2 B,?2

® N
-B,2 (C,2

& &
(c) F (A3B)3(~B—3-A4)
FOE(A D B) D O(-B D —A4))

—-0(d(A D B) D O(—B D —A4)),0
O-(0(A D B) > 0O(=B > —A4)),0
Orl
—-(0(A D> B) >0(=B D> -A4)),1
0(AD B),1
-0(=B > —4),1
O—(-B > -4),1
1r2
—(—=B D> —A4),2
ADB,2
-B,?2
——A,2
N
-4,2 B2
& &



(d) - O-A > O=(AA B)
FO-4 > 0-(AA B)

-(O0-A>0-(AAB)),0
0-A4,0
-O0-(A A B),
O-(A A B),
Orl
-—(AAB),1
-A,1
ANB,1
Al
®

0
0

3. Show the following for N. Specify a counter-model and draw a picture of
it.

(a) ¥Op>op
~(0p > p),0
Up, 0
—p, 0
Counter-model such that,
W =N = {'w()}
Vg, (p) =0

This can be represented in the following picture:

Wo
—p
(b) ¥ Op D O0p

~(Op > 00p),0
Up, 0
—-00p, 0
O-0p, 0
Orl
—\Dp, 1
p,1
<>_'pa 1



Counter-model such that,

W = {wo, w1 }; N = {wo }; woRw1; vy, (p) =1

This can be represented in the following picture:

(c) ¥ =(p—3p) 3¢
¥OE0(P>249) 29
-0(-0(p > q) 2 ¢),0
0

O—(=0(p D q) D q),
Orl
-(-0O( >q) D q),1
-O(p D p), 1
—q, 1
O-(p D p),1

Counter-model such that,

W = {wo, w1 }; N = {wp }; woRw1; vy, () =0

This can be represented in the following picture:

wo = [w]

-q
(d) ¥ O(p—p)
¥ OO(p 2 p)
-00(p D p),0
0

O-0(p O p),
Orl

-O(p D p), 1
O=(p D> p),1

Counter-model such that,

W = {wo, w1 }; N = {wp}; wo Rwy

10



This can be represented in the following picture:

wo —
(e)¥ (p—39)3(Cp—=Lq)
¥ OO(p > ¢) >0(p > 0g))

~0(B(p > ¢) > O(Bp 5 Og)), 0
0=(0(p > ¢) > 0(0p 5 Og)), 0
Orl
=(0(p > ¢) >00p > 0g)), 1
O(p 2 q),1
-0(0p D Og), 1
1r2
=(0Op > Og), 2
Up, 2
_‘DQa 2
POgq2

/\
-p,2 q,2

Counter-model from the left-most open branch such that,

W =N = {wo, w1, ws}; woRwy, w1 Rwa; vy, (p) =0

This can be represented in the following picture:

-p

11



(f) ¥ OOp—(0g—00gq)
¥ O(00p > O(0g > Og))

-0O(0O0p > O(0g o 0dq)), 0
O—=(00p > O(0q > 00g)),0
Orl
—(00p > 0(0¢ > 0O0g)), 1
O0p, 1
-0(0¢ > 0dg), 1
0~(0g > O0g), 1
1r2
—(0¢ > 0dq), 2
g, 2
=g, 2
O—lq, 2
Up, 2
2r3
-0q, 3
4,3
<>_‘q7 3
p,3

Counter-model such that,

W = {wo, wi,wa, w3 }; N = {wp, wy, wa }; woRwy, w1 Rwa, wo Rw3z; Uy, (q) = 1, vy, (p) = 1

This can be represented in the following picture:

wo — w1 — wWa —
P, q
(2) ¥ OOp
_‘<><>p7 0
O0-0p, 0

Counter-model such that,

W =N = {wo}
This can be represented in the following picture:

Wo

12



(h) ¥ OO(p v —p)

—‘DD(p \ _'p)’ 0
O=0(p VvV —p),0
Orl
_‘D(p \ _‘p)7 1
<>_‘(p \ _‘p)7 1

Counter-model such that,

W = {wo, w1 }; N = {wp}; wo Rwy

This can be represented in the following picture:

wo = [w]

4. Which of the above (in problem 3) hold in S2 (Np)? Which hold in S3
(Npr)?

Ounly (a) is valid in S2:
(a) FnpOpDp

—\(Dp 2 p)v 0
0r0
Up, 0
=p,0
p,0

(b) ¥, Op > O0p

—(Op > O00p), 0
0r0
Up, 0
=[p, 0
O—=Up, 0
p,0
Orl, 1rl
—\|:|p7 1
p,1
O-p,1

13



Counter-model such that,
W = {wo, w1 }; N = {wo }; wo Rwo, wo Rwy, w1 Rw1; vy, (p) = 1, v, (p) = 1

This can be represented in the following picture:

(3 ~
wo - w1
p

(c) ¥np —~(p—3p) 3¢
¥, OE0(p D p) Dq)

-O(=0(p > p) D q),0
0r0
O=(=0O(p D p) D ¢q),0
Orl, 1rl
=(-O(p >p)Dg),1
-O(p D p), 1
—q, 1
O=(p D p),1

Counter-model such that,

W = {wo, w1 }; N = {wo }; wo Rwo, wo Rwiwi Rwy; v, (q) = 0

This can be represented in the following picture:

—q
(d) ¥np O(p—3p)
J’éNp DD(p D) p)

-00(p > p),0
0r0
<>_‘|:’(p Dp)vo
Orl,1rl
—\D(p Dp)vl
<>_‘(p 2 p)v 1

14



Counter-model such that,

W = {wo, w1 }; N = {wg }; wo Rwy, wo Rwy , wy Rwy

This can be represented in the following picture:

(3 ~
wo - w1

(e) ¥np (p—3¢)—3(0p—3g)
¥, O@(p D ¢) D O(0p 2 Og))

~0(B(p > ¢) > O(0p 5 Og)), 0
0r0
O=(B(p > ¢) > U(Hp > Ug)),0
Orl, 1rl
=(E(p > ¢) > 0(0p >Ug)),1
O(p D q),1
-0(0p D Og), 1
O=(0p > Og), 1
pDgl
1r2, 2r2
—-(Op > 0g),2
Up, 2
—\Dq, 2
PDg2
<>_‘q72
2r3, 3r3
—\q73
p,3

N

;1 q,1
/\ /\
_‘p72 Qa2 _'pa2 q72

»,2 p,2 p2 p2
® ®

Counter-model from left-most open branch such that,

W = {'lU(),wl,'lUQ,w?,};N = {wl,wg}
wORwO, wonl, wlRwl, w1 ng, ’LUQRU)Q, ’LUQng, ’LU3RU)3

Vw,y (p) = 0)”“}2 (p) = 1aUU)3 (p) =1, vy, (Q) = 17Uw3 (Q) =0

15



This can be represented in the following picture:

(&% &%
wWo — w1 — w29 —
-p p

(f) ¥np O0p—3(0g—00q)

¥n, O(00p > 0O(0qg > 00g))

-0O(0O0p > O(0g o 0dq)), 0
0r0
O—=(00p > O(0q > 00g)), 0
Orl, 1rl
-(O0Op > O(0q o 00g)), 1
O0p, 1
-0(0¢ > 0dg), 1
0—(0¢g > 00g), 1
Up, 1
p, 1
1r2, 2r2
-(0¢ > 0q), 2
Llg,2
=g, 2
Up, 2
<>_‘|:|q7 2
P2
q,2
2r3, 3r3
=g, 3
p,3
<>_‘q7 3
4,3

Counter-model such that,

W = {wo, w1, wz, w3 }; N = {wo, wi,ws}

wORwO, wonl, wlRwl, w1 ng, ’LUQRU)Q, ’LUQng, ’LU3RU)3

U,y (p) = 1;”“}2(])) = 1,11“)3(]7) = 17Uw2(q) = 17Uw3 (Q) =1

This can be represented in the following picture:

16



p b, q b, q
=00p, 0
0r0
O0-0p, 0
_‘<>pa 0
(=p, 0
-p,0

Counter-model such that,

W = N = {wo }; woRwo; v, (p) = 0

This can be represented in the following picture:

Wo
-p

(h) ¥n, OOV —p)

-00(p VvV —p),0
0r0

O-0O(p v —p),0
Orl, 1rl

-O(p V —p),1
O=(pV —p),1

Counter-model such that,

W = {wo, w1 }; N = {wg}; wo Rwo, wo Rwy , w Rwn

This can be represented in the following picture:

17



Only (a) and (f) are valid in Npr:
(a) Fnpr OpDp

—(Up > p),0
0r0
Up, 0
—'p,O
»,0
®

(b) J74]\7,0‘1' DP o DDP

—(Op > 0Op), 0
0r0
Up, 0
—-00p, 0
<>_‘|:’pa 0
p,0
Orl, 1rl
—||:|p, 1
p,1
<>_'pa 1

Counter-model such that,

W = {wo, w1 }; N = {wo }; wo Rwo, wo Rwy , w1 Rw1; v, (p) = 1,0, (p) = 1

This can be represented in the following picture:

(3 ~
wo — w1
p

18



(¢) ¥npr =(p—3p) 3¢
J74Np‘r D(_'D(p Dp) ) Q)

-O(=0(p > p) D q),0
0r0
O=(=0(p > p) D ¢q),0
Orl, 1rl
-(-O(p > p) Dq),1
-O(p D p), 1
—q, 1
O-(p D p),1

Counter-model such that,

W = {wo, w1 }; N = {wp }; wo Rwg, wo Rwywy Rwy; vy, (¢) =0

This can be represented in the following picture:

-q
(d) #npr O(p—p)
J74Np‘r E“:’(p D) p)

-00(p 2 p),0
0r0
<>_‘|:’(p Dp)vo
Orl,1rl
-0O(p D> p), 1
O=(p D p),1

Counter-model such that,

W = {wo, w1 }; N = {wg }; wo Rwy, wo Rwy , wy Rwy

This can be represented in the following picture:

19



(e) Fnpr (p—3¢)—=3(0p—30g)
Fnpr O(E(p D ¢) D O(0p D Og))

—0(0(p > ¢) > 0(0p > Hg)),0
0r0
O=(B(p > ¢) > U(Hp > Ug)),0
Orl, 1rl
=8 > ¢) > 0O(0p > Og)), 1
O(p D q),1
-0(0p D Og), 1
pDg,l
O=(Op > Og), 1
1r2, 2r2, Or2
—(0Op > Og),2
Up, 2
—\Dq, 2
0—g, 2
2r3, 3r3, Or3, 1r3
_‘q73
»,3
pDg,3

/\
-p,3 q,3

& &

20



(f) Fn,r O0p—3(O¢g—00gq)
Fnpr O(O0p o O(Hqg o 0O0g))

-0(0O0p > O(0g o 0dq)), 0
0r0
O—=(00p > O(0q > 00g)),0
Orl, 1rl
—(00p > 0(0q > 0O0g)), 1
O0p, 1
-0(0¢ > 0dg), 1
0~(0g > O0g), 1
Up, 1
p,1
1r2, 2r2, Or2
—(0¢ > 0dq), 2
Llg,2
=g, 2
Up, 2
<>_‘|:|q7 2
D, 2
q,2
2r3, 3r3, 1r3, Or3
_‘DQa 3
»,3
<>_‘q7 3
Up, 3
q,3
3rd, 4rd, 2r4, 1r4, Or4
g, 4
q,4
®

(g) %Np‘r <><>p
=00p, 0
0r0
D_‘Opa 0
_‘<>pa 0
U-p, 0
=p,0

Counter-model such that,

W = N = {wp}; woRwo; vy, (p) = 0

21



This can be represented in the following picture:

P

(h) ¥npr B0(p V —p)

—‘DD(p \ _'p)’ 0
0r0
<>_‘|:|(p \ _‘p)v 0

Orl, 1rl
—‘D(p \ _‘p)7 1
Oﬁ(p \ ﬁ10)7 1

Counter-model such that,

W = {wo, w1 }; N = {wy }; wo Rwp, wo Rwy , wy Rwy

This can be represented in the following picture:

5. Repeat 3.10, problem 7, with IV instead of K. (Beware: in N7, Op D OOp
is not valid. A little ingenuity is required here.)

(a) If R is reflexive (p), it is extendable (n). Hence, if truth is preserved
at all worlds of all n-interpretations, it is preserved at all worlds of all p-
interpretations. Consequently, the system NV, is an extension of the system
N,. Find an inference demonstrating that it is a proper extension.

|_Np (DA D) A)

-(0A D> A),0
0r0
A, 0
-A,0
A0

22



J’éNn (DA D) A)
—-(0A D> A),0
A, 0
-A,0
Orl
Al
1r2

W = {’LUo,wl,’LUQ...};N = {wo}
wonl,wlng...

Vug (p) = 0, 0w, (p) =1

wo = @] — [w] -

-p p

This interpretation shows that it is not the case that if truth is preserved
at all worlds of all p-interpretations, it is preserved at all worlds of all 7-
interpretations: i.e. that p is a proper extension of 7.

(b) Show that none of the systems N,, N, and N; is an extension of any of
the others (i.e., for each pair, find an inference that is valid in one but not the
other, and then vice versa).(Hint: see 3.5.10.)

There is at least one inference valid in N, that is not valid in N, or N

Fy, OpDp

—(Up > p),0
0r0
Up, 0
=p,0
»,0

23



The same tableau shows this inference to be invalid in both N, and N.:
¥y, OpDp
Fn.OpDp

—(0p > p),0

Up, 0
-, 0

W:N:{wo}

Vg (p) =0

Wo
-p

There is at least one inference valid in N, that is not valid in N, or N

Fn, p D 0O0p

—(p > 0O0p),0
p,0
=0p, 0
O—0p, 0
Orl, 1r0
—0p, 1
O—p, 1
-p,0
®

¥, p2>LO0p

_‘(p D) DQP% 0
0r0
p,0
=00p, 0
0=0p, 0
Orl, 1rl
-Op, 1
=p, 1
-p, 1

24



W =N = {’LU(), wl}
wo Rw1 , wo Rwg, w1 Rw,

Vg (p) =1, vy, (p) =0

&% &%
wo — W1
p P

¥y, p 2 O0p
_‘(p D) Dop)v 0
p,0
_'DOP; 0
0=0p, 0
Orl

_‘<>pa 1
O—p, 1

W =N = {wp,w }
won1

Vo (p) =1

wo — wq

25



‘ There is at least one inference valid in N, that is not valid in NV, or N,

Fnr O0p—3(0¢—00q)
. O(O0p > O(0g > OOg))

-0(00p > O(0g o 0dq)), 0
O—(00p D O(0O¢ > 0q)),0
Orl
—(00p > O(0g > 00g)), 1
O0p, 1
-0(0q > 00¢), 1
0~(0q > OCg), 1
1r2, Or2
—(0¢ > 0dq), 2
Llg,2
=g, 2
Up, 2
O-lq, 2
2r3, 1r3, 0r3
-q, 3
p,3
<>_‘q7 3
Up, 3
q,3
3r4, 2r4, 1r4, Ord
—q,4
q,4
®

26



¥ N, O0p—=(0¢—00q)
¥, O(00p > O(Cq > Og))

-0(0O0p > O(0g o 0dq)), 0
0r0
O—=(00p > O(0q > 00g)), 0
Orl, 1rl
-(O0Op > O(0qg D 00g)), 1
O0p, 1
-0(0¢ > 0dg), 1
O—(0¢g > 00g), 1
Up, 1
P, 1
1r2, 212
—(0¢ > 0dq), 2
Llg,2
=g, 2
Up, 2
<>_‘|:|q7 2
P2
q,2
2r3, 3r3
=g, 3
P,3
<>_‘q7 3
q,3

Counter-model such that,

W = {U}(), wy, W2, U)3}, N = {U}(), wi, w?}
wORwO, wonl, wlRwl, w1 ng, ’LUQRU)Q, ’LUQng, ’LU3RU)3
UV (p) = 1,Uw2(P) = ]-avw?,(p) = 17Uw2(Q) = 1vvw3 ((]) =1

This can be represented in the following picture:

m m % m
wo - w1 - w2 - w3
p b, q b, q
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¥ no O0p—(0g—00q)
¥no O(OOp > O(0g > O0g))

-0O(0O0p > O(0g o 0dq)), 0
O—=(00p > O(0q > 00g)),0
Orl, 1r0
~(00p > 0(Hg > U0q))B0g)), 1
O0p, 1
Up, 0
p, 1
-0(0¢ > 0dg), 1
0~(0g > O0g), 1
1r2, 2rl
—(0q 2 O0g), 2
Llg,2
q,1
=g, 2
Up, 2
p,1
O-Oq, 2
2r3, 3r2
-q, 3
»,3
<>_‘q7 3
4,3

Counter-model such that,

W = {U}(), wy, W2, U)3}, N = {U}(), wi, w?}
wORwl, w1 R’LU(), w1 R’LUQ, ng’LUl, ng’LUg, ng’LUQ
U,y (p) = 151}11)1 (Q) = 17Uw3(p) = 17Uw3(q) =1

This can be represented in the following picture:

wo = w1 = Wo =
b,q b, q

28



(¢) By combining the individual conditions, we obtain the systems N,,, IV,

PO PT>
Nor, Nop, and N.,. N, is an extension of N, and N,. Show that it is a proper

extension of each of these. Do the same for the other four binary systems. Show
that IV,sis a proper extension of INV,., and that N,. is a proper extension of
N,r. Show that none of the other binary systems is an extension of any other.

In the previous exercise, we found inferences which were valid in only one of
the unary systems N,, N, and ;.

The corresponding inference for IV, is

Fn, Op D Op

The same tableau shows this inference to be invalid in both N, and N.:
¥n, Op D Op

¥y, Op > Op

—(0p 2 0p),0
Up, 0
_‘<>pa 0
—p, 0

WZN:{U)Q}

Wo

This inference is valid in IV,, because N, is an extension of IV,,.
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We now have characteristic inferences for all four unary systems. Back to
the question

“N,o is an extension of N, and N,. Show that it is a proper extension of
each of these. Do the same for the other four binary systems.”

The conjunction of the sentences found in the previous exercise will do the
trick:

FN,., (Op D p)A(p D O0p)

~((Op > p) A (p>00p)),0
0r0

~(@p>p),0 —(p>00p),0
Op, 0 p,0
-p,0 =00p, 0
® 0=0p,0
Orl, 1r0, 1rl
-Op, 1
O—p, 1
-p, 0
®

The inference is a conjunction of two sentences, both of which have been
seen in the last exercise to be invalid in the two unary systems for N. Thus,
each of the unary systems will make the conjunction invalid.

A similar inference can be generated for all binary systems, from the con-
junction of ‘characteristic’ sentences found in the last exercise (and above) for
its constitutive unary systems. The inference will be valid in the relevant bi-
nary system, and invalid in the constitutive unary systems, showing that all
the binary systems are proper extensions of their constitutive unary systems.
(Binary systems which include n will not be extensions of the same systems with
7 substituted for p - but this is only relevent in the next part of the question.)

“Show that IV,,is a proper extension of N,,, and that N,, is a proper ex-
tension of N,.”

Op D p is, as we have seen, a tautology in N,. It is also a tautology in IV,

because N,, is an extension of N,. It is invalid in N,,, as can be seen in the
following tree diagram:
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¥n,, OpDp
—(Op > p),0
Up, 0
P, 0
Orl, 1r0

p1
1r2, 2r1

W = {’LU(),wl,’LUQ...};N = {wo}
wORwl,wlRwO,wlng,ngwl...

UU)O (p) = 07Uu}1 (p) = 1

wo = =

-p p

Since there is an inference which is valid in N, and invalid in Nys, N,e is
a proper extension of V.
[ |

The same is true of N, and N,:
Fn,, (Op D p), because N, is an extension of N,
Ny ¥UOpDop

—(0p D p),0
Up, 0
—'p,O
Orl

p,1
1r2, Or2

D, 2
2r3, Or3, 1r3

W = {w07w17w2aw3"'};N = {U}()}
U}()Rwl,wlRU}Q,U}QRU}Q,U}QRU}3,U}()R23,U}1RU}3...

Vo (P) = 0,0, (P) = 1, 0w, (P) = 1, v, (p) = 1...
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-p p p p
wo — W1 |— W2 |— W3|— ...

Thus the conjunction of the two ‘characteristic’ sentences for the unary sys-
tems shows that N,,is a proper extension of N,., and that N,. is a proper
extension of IV,

Back to the question for the last time:
“Show that none of the other binary systems is an extension of any other.”

There are 5 binary systems for N, N,o, Npr, Nory Noy, and Ny, We showed
that N,sis a proper extension of N,,, and that N, is a proper extension of N,
in the last part of the question. Accordingly, if a system is not an extension of
N,yo, it is not an extension of IV,., and if a system is not an extension of N,
it is not an extension of IV,.. Therefore, there are only three systems that need
to be shown to be mutually exclusive: Nyr, N,s, and N,,. To show this, it will
suffice to find an inference that is valid in one, but not in the other, for each pair.
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N,

Fnor O0p—=3(0¢—00q) (Because this inference is valid in N, as we have
seen, and N, is an extension of N )

¥n,, O0p—3(0¢—300q)
¥N,, O(C0p o O(0qg o O0g))

-0(0O0p o O(0g o 0dq)), 0
0r0
O—=(00p > O(0q > 00g)), 0
Orl, 1r1, 1r0
-(O0Op > O(0qg D 00g)), 1
O0p, 1
Up, 0
p,0
-0(0¢ > 0dg), 1
O—-(0O¢g > 00g), 1
Op, 1
p,1
1r2, 2r2, 2rl
—(0¢ > 0dq), 2
g, 2
=g, 2
q,1
Up, 2
O-lg, 2
p,2
q,2
2r3, 3r3, 3r2
=g, 3
p,3
0=g,3
4,3
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Fn,. p D O0p (Because this inference is valid in N,, as we have seen, and
N, is an extension of N,.)

¥n,, p 2 UOp

—(p > 0O%p),0
0r0

p,0
=00p, 0
0=0p,0
Orl, 1rl

-0p, 1
(=p, 1
-p, 1

Next,

Fn,, p D UOp
¥n,. p 2> U0p

—(p > 0O%p),0
0r0

»,0
=00p, 0
0=0p, 0
Orl, 1rl

-Op, 1
O—p, 1
-p, 1

Fn,, UpDp
¥N,, OpDp
—-(Op > p)

Up, 0
-p, 0
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Finally

Fn,, UpDp
#n,, OpDp
—-(0p > p)
Up, 0
-p,0

Fn,, O0p—3(0g¢—300q)
¥n,, O0p—3(0¢—00q)
J"N,m O(O0p > O(0g > O0g))

-0(00p > O(0Og > Oq)), 0
0r0
O~(08p > O(0q > 0O0g)), 0
Orl, 1rl, 1r0
—(00p > O(0g > 00g)), 1
L0p, 1
Up, 0
P, 0
-0(0¢ > 0g), 1
0~(Clg > O0g), 1
Up, 1
p,1
1r2, 2r2, 2r1
-(0¢ > 0q), 2
Llg,2
=g, 2
q,1
Up, 2
<>_‘|:|q7 2
p,2
q,2
2r3, 3r3, 3r2
_‘DQa 3
P, 3
<>_‘q7 3
q,3
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All three systems have been shown to make inferences valid which the other
systems do not. Therefore, apart from those that were mentioned at the begin-
ning of the solution, none of the binary systems is an extension of any another.

(d) Combining three (or four) of the conditions, we obtain only the system
Nyor. Show that this is a proper extension of each of the binary systems of the
last question.

The solution proceeds in an analogous way to those of section (c).

Fn

poT

O0p—(dg—00q)
(Because N, is an extension of N;)

¥n,, O0p—3(0g—300g) (Shown above)

|
FN,.. OpDp
(Because N, is an extension of N,)
¥n,. Op D p (Shown above)

|
FN,.. p D LOp
(Because N,,- is an extension of N,)
¥n,, p > O0p (Shown above)

|

N,or is an extension of each of the three binary systems. Further, it makes
a theorem valid that the three true binary systems make invalid. Therefore it
is a proper extension of each of them.
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7. Show that - ¢0O(p A —p) V O(¢—3¢), in both S2 and S3, but that neither
disjunct is valid in either S2 or S3.

Fnp OO(p A —p) VvV O(g—3q)
Fnp O0(p A —p) vOO(g O q)

(00 A —p) vVOO(g D q)),0
0r0
=00 A —p),0
-00(¢ © ¢),0
0

0
_‘<>(p/\_‘p)70
D_'(p/\_‘p)vo
_‘(p/\_‘p)vo
Orl, 1rl
—-0(¢ 2 g),1
<>_‘(q 2 Q)vl
_'<>(p A _‘p)v 1
D_'(p/\_‘p)v]-
_‘(p A _‘p)v 1
1r2, 2r2
-(¢ 2 q),2
q,2
-q, 2
®

We have -y, 0O(pA—p)VO(g—3¢) which implies b, OO(pA—p) VO(¢—3q).
Therefore the above is valid in both S2 and S3.
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J’éNpT <><>(p A _‘p)

=00(p A —p),0
0r0
O0-0(p A —p),0
_‘<>(p A _‘p)v 0
|:|_\(p A _‘p)v 0
_‘(p A _‘p)v 0

_‘p70 _'_‘p70

P, 0
Counter-model such that:

W = N = {wp}; woRwo; vy, (p) = 1
J74Np‘r D(q%q)

J’éNpT DD(q B} q)

-00(¢ © ¢),0
0r0
0=0(¢ 2 ¢),0
Orl, 1rl
—0(g 2 9),1
<>_‘(q D) Q)vl
Counter-model such that:

W = {wo, w1 }; N = {wg}; wo Rwg, wo Rwy , wy Rw,

Fnor OO0(p A —p) and ¥, O(¢—3q), therefore ¥n, OO(p A —p) and ¥y,
O(g—3q)

Both disjuncts are invalid in S2 and S3.

8. *Consider an interpretation for N. Call a world standard if it is both
normal and accesses a non-normal world. A new notion of validity is obtained
if we define it in terms of truth preservation at standard worlds. Show that
according to this definition of validity, Q0O A is valid. If, in addition, we insist
that R be reflexive, or reflexive and transitive, we obtain the non-Lewis systems
S6 and S7, respectively. These are extensions of S2 and S3, respectively, but,
despite the numerology, they are not extensions of S5. Design tableau systems
for S6 and S7 and prove them sound and complete.
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Under this new notion of validity, an inference is valid iff its truth is pre-
served at all standard worlds. That is, an inference is invalid iff there is an
interpretation which includes a standard world where its premises are made
true, and conclusion made false. So, the only relevent worlds for establishing
whether an inference is valid or not, are now standard worlds.

Show that QO A is valid under this new notion of validity.

Suppose OO A were false at standard world w. Because w is standard, it is
normal. So in all worlds w is related to, Q0 A is false. But because w is standard,
it accesses a non-normal world, and in that world, by definition,0 A is true. We
have a contradiction, showing that the inference is valid.

With regards to tableaux, we are now searching for an interpretation such
that wg is normal, and is related to a non-normal world. Let w; be our non-
normal world. In tableaux for S6 and S7, we will take 1 to be the non-normal
world that 0 accesses. The rules are as for Np, and Np7 respectively, except

that in the rules which introduce new worlds, ¢ must now always be greater than
1. Further, there are two additional rules:

Tableaux rule: Add 0rl after the premise and negated conclusion.

Closure rule: If a formula (JA, 1 appears on a branch, the branch is closed.

I will now check that the new rules are sound and complete:
Soundness:

The proof is essentially the same as those for the Np and N p7 systems, with
the following extra steps:

We must add a clause to the definition of faithfulness:

f(1) e W-N

And there is a new case in the Soundness Lemma:

Suppose f is a function which shows I to be faithful to branch section b, and
that we apply the Or1 rule. Then there is a world w, such that w is non-normal,

and woRw. Let f’ be the same as f except f'(1) = w. f’ shows f to be faithful
to the extension of the branch.
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Completeness:

The proof is essentially the same as those for the Np and N p7 systems, but
we must check that the interpretation induced is actually a S6 or S7 interpre-
tation:

Since b is an open complete branch, 0rl is on it. By construction and
induction hypothesis, we have wgRw;. Further, because of the new closure rule
no formula [(JA, 1 is on the branch, and so w; is non-normal, as required.

9. *Show that ¥, (Op D p) Vg, but Fro- (Op D p) vVOg. Infer that LoT is
a proper extension of L. By a tableau-theoretic argument, show that Lp is an
extension of Lor. (Hint: see 4.10.6.) Show that ¥ 1., Op D p, and infer that it
is a proper extension.

¥ (Op>p)vUq

~((Bp > p)VvLg),0
—(Op > p),0
=g, 0
Up, 0
=p, 0
<>_‘q7 0
Orl
—q, 1
p,1
Counter-model such that:

W = {wo, w1 }; N = {wo}; wo Rw1; v, (q) = 0,04, (p) =1
|_Lo"r (Dp D p) vV D(]

~((Bp 2> p)vLg),0
—(Op > p),0

=g, 0

Op, 0

-, 0
0=g,0

Orl, 1r0, 0r0, 1rl

—q, 1

P, 0

®

Since Lot makes an inference valid that L does not, Lot is a proper exten-
sion of L.
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“By a tableau-theoretic argument, show that Lp is an extension of LoT.
(Hint: see 4.10.6.)”

There is no tableau 7" such that T is open in Lp, and T is closed in LoT.
Proof:

Consider a tableau for Lp in which the rule for o may be applied. This will
have lines of the form Ori and therefore ir0, but since the [ rule is never applied
at ¢ (unless ¢ = 0, in which cases the rule is redundant because the p rule has
already been applied), the lines of the form ir0 have no effect, and the tableau
closes iff it closes without an application of the o rule. Consider a another
tableau for Lp where the rule for 7 may be applied. This will have lines of the
form Ori, but since no world other than 0 is normal, the ¢ rule is never applied
at 7, so we never obtain anything of the form ¢rj. The transitivity rule is never
applied, and the tableau closes iff it closed without it. Now consider a tableau
for Lp where both rules may be applied. This will have lines of the form Ori
and therefore ir0, and so 070 and iri. None of these lines have any further effect.

Therefore, Lp is an extension of LoT.
It is a proper extension:
LpFOpDyp
~(Ep > p),0
0r0
Up, 0

-p,0
p,0

Lot OpDp
~(0p > p),0

Up, 0
-, 0
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10. *What effect does the addition of the constraint 1 have on L and its
other extensions?

Ln is a proper extension of L:
l_Ln Dp o <>p

=(0p > Op), 0
Up, 0
_‘<>pa 0
(=p, 0
Orl
=p, 1
p,1

¥ Op D Op
—(0p 2 9p),0
Up, 0
_‘<>pa 0
(=p, 0

Lpn is the same system as Lp, for the same reason that Kpn is the same
system as Kp.

Lon is the same system as Ln, because Lo is the same system as L. (By
4.10.6) Therefore, as shown above, Lon is a proper extension of L.

L7n is the same system as Lz, because L7 is the same system as L. (By
4.10.6) Therefore, as shown above, Lon is a proper extension of L.

Lpon is the same system as Lpn (By 4.10.6), and hence the same system as
Lp.

Lptn is the same system as Lpn (By 4.10.6), and hence the same system as
Lp.
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Lo7Tn is a proper extension of LoT:
l_L(r‘rn DP o <>p

=(0p > Op), 0
Up, 0
_‘<>pa 0
O—p, 0
Orl, 1r0, Or0, 1rl

-, 1

p, 1

®

}ALUT DP ) <>p
—(0p 2 0p),0
Up, 0

=0p, 0
O—p, 0
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Lp is an extension of LoTn because it is an extension of Lo and Ln. It is
a proper extension:

|_Lp DP op
—|(|:|p o p)7 0
0r0
Up, 0
-p, 0
p,0
®
Frorp OpDp
—(Op > p),0
Up, 0
-p, 0
Orl, 1r0

Pl
1r2, 2r1, Or2, 210

LpoTn is the same system as Lp by 4.10.6 and the fact that Lpn is the same
system as Lp, found above.
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