1. This exercise concerns combinations of relations.
(a) For each of p, o, 7 and ), produce a relation which satisfies one of these but
none of the others (except that p implies 7, so this case is impossible).

(n)

wORwl, 'LUlRU}Q, wORwO, ’LU1R’LU1, ’LUQRU)Q

m m m
Wo— W1 —W2

[7]

woRw1, wiRws, weRw1, wiRwg

W «— W1 «— W2

woRwy, wiRws, woRwe

wo — W1 — W2

woRwy, wiRws, weRws ...

Wy — W1 — W2 — W3 — ...

(b) There are six pairs of these conditions: po, pr, (pn), o1, on, Tn. Since p
entails 7, the third of these is simply p. For each of the five genuine compound
pairs, produce a relation that satisfies this condition, but none of the others
(except that any relation that is p must also be 7.

wORwl, ’LUlR’LUQ, ’LU()RU)Q, wlRwl, ’LUQR’LUQ, ngwl, wlRwo



woRw1, w1 Rws, wogRwqg, wRwy, waRws, woRws

Y m &%
wo —wW1— w2

wo Rwy , wy Rws, we Rw1 , w1 Rwg, wo Rws, we Rwg

wo Rwy, w1 Rws, we Rws, w3 Rws, we Rwy, w1 Rwq, woRws, wo Rws, wy Rws...

Wy — W1 — W2 — W3 — ...




(¢) Check the following. There are four triples of these conditions: porT,
(pon), (pmn), (cmn). Because p entails 7, the middle two are simply po and pr.
Moreover, for the same reason, and because o771 entails p (as we noted in 3.2.6),
the first and last are identical. (And for good measure, porn is simply poT as
well.) Hence, there is only one genuine triple.

p specifies that all worlds are related to themselves. 7 specifies that all
worlds are related to some world. If p, all worlds are related to themselves, then
obviously 7, all worlds are related to some world. See 3.2.6 “If a world accesses
itself, it certainly accesses something.” (Note the reverse is not true; It is not the
case that if a world accesses something, it accesses itself.)

For the second part, the footnote to 3.2.6 explains: “Consider any world, w.
By n, wRw' for some w’. So, by o, w’' Rw, and, by 7, wRw.” The combination
of the three conditions produces the p condition, and thus is equivalent to porn.
Additionally, because p entails 1, both are equivalent to por - the first triple.
Hence there is only one genuine triple.



2. Which of the inferences of 2.12, problems 2(1)-(v) hold in Kp, Ko, KT
and Kn? Check with appropriate tableaux. If a tableau does not close, define
and draw a counter-model.

(1) ¥ O(pVaq) > (Opv L)

~(0(pVq) > (OpVvLg)),0
0r0
O(pVq),0
—(Op v Oq),0
=[p, 0
=g, 0
<>_'pa0
0=q,0
pVq,0
Orl, 1rl
-p, 1
pVag1l

p,1 q,1

® 0r2, 2r2
-q, 2
pVaq,2
/\
D, 2 q,2
/\ ®
p,0 ¢,0

The following interpretation, taken from the left-most open branch, shows
this inference to be invalid:

W = {wp, wy,wa}
wo Rw1 , wo Rws , wo Rwg, w1 Rwy, we Rws

Vo (P) = 1,0, (P) = 0,00, (q) = 1,00, (p) = 1,vu,(q) =0

This can be represented in the following diagram:

~
wo
/]\
~ ~
w1 w2
P, q p,7q



(m) Op,0-¢ ¥ O(p D q)
Up, 0
[=q,0

-0 2 q),0
0r0

p,0
—q,0
<>_'(p D) q)7 0
Orl, 1rl
-(p2q),1

p,1
—q, 1

p,1
—q, 1
The following interpretation shows this inference to be invalid
W = {wo, w1}
wo Rw1 , wo Rwg, w1 Rwy

Vg (p) =1, 0y, (Q) =0, vy, (p) =1, vy, (Q) =0
This can be represented in the following diagram:
Wo P

w1
b, q



(n) Op,Oq ¥ O(p A q)

Op, 0
0q,0
=O(p A q),0
0r0
|:|—\(p A Q)v 0
=(pAg),0
Orl,1rl
p,1
—(pAq)1

N

—\p7]_ -q, 1
® 0r2, 2r2
q,2
_‘(p A Q)v 2

N

—p,2 g, 2
&
-p, 0 -q, 0

The following interpretation, taken from the left-most open branch, shows
this inference to be invalid:

W = {U}(), wy, 'UJQ}

wonl, wOng, ’LU()RU)Q, w1 Rwl, ’LUQRU)Q

Vg (p) =0, vy, (p) =1, vy, (Q) =0, vy, (p) =0, Vu, ((]) =1

This can be represented in the following diagram:

N
Wo
/N
N N
w1 w2
p,q P, q



(o) FOpDp

—(Up>p),0
0r0
Up, 0
=p,0
p,0

(p) FOp D Op

—(0p > Op), 0
0r0
Up, 0
_‘<>pa 0
O—p, 0

p,0
-p,0

(q) p# Op

p,0
=[p, 0
0r0
O=p,0
Orl, 1rl
P, 1

The following interpretation shows this inference to be invalid:
W = {w07 wl}

won1 s ’LU()RU)(), w1 Rw1

Vo (p) = 1,0, (p) =0

This can be represented in the following diagram:

wo p

m
wy p



(r) ¥ Op D> OOp

—(Op > OOp), 0
0r0
Up, 0
=0p, 0
O=Up, 0
p,0
Orl,1rl
—||:|p, ].
O-p,1
p, 1
1r2, 2r2
-, 2

The following interpretation shows this inference to be invalid:
W - {U}(), wy, 'UJQ}
wonl, wORwO, w1 Rwl, w1 ng, ’LUQRU)Q

vwo(p) = 1vvu)1 (p) = ].,Uwz(p) =0

This can be represented in the following diagram:



(s) FOp 2 O0p

=(Op D O0Op),0
0r0
Op,0
=0O0p, 0
O0-0p, 0
_‘<>pa 0
O—p, 0
D, 0
Orl, 1rl
p,1
=-Op, 1
O-p, 1
D, 1
®

(t) ¥ p2>OOp

—(p > 0O0p),0
0r0

P, 0
_‘D<>pa 0
<>_‘<>p7 0
Orl, 1rl

_‘<>pa 1
O—p, 1
-p,1

The following interpretation shows this inference to be invalid:
W = {wo, U}l}
wo Rw1 , wo Rwg, w1 Rwy

Vwg (p) =1, vy, (p) =0

This can be represented in the following diagram:

wo p

m
wy —p



(u) ¥ Op > O0p

_'(<>p o DOP)? 0
0r0
Op, 0
=00p, 0
0=0p, 0
Orl, 1rl
p,1
0r2, 2r2
=Op, 2
(=p, 2
-p, 2

The following interpretation shows this inference to be invalid:
W = {wO) wy, wQ}
wonl, wORwO, w1 Rwl, ’LU()RU)Q, ’LUQRU)Q

UU)l (p) = 17“11)2 (p) - O

This can be represented in the following diagram:

m
wo
W, ws
p -p
(v) - O(p Vv —p)
_'<>(p \ _‘p)v 0
0r0
O=(p Vv —p),0
~(pV —p),0
—'p,O
—\—|p’0
&

10



(1) ¥O(pVaq) D (Opv L)

=(@(p Vv q) O (OpVg)),0
O(pVq),0
=(Op v Og),0
=[p, 0
=g, 0
O=p,0
0—q,0
Orl, 1r0
-p, 1
pVag1l
p,1 q,1
®  0r2, 2r0
—=q,2
pVg,?2
PN
P2 g2
®

The following interpretation shows this inference to be invalid:
W = {wO) w1, wQ}

wo Rwy , w1 Rwg, wo Rws, we Rwg

Vaw, (p) =0, Vaw, (Q) =1, vy, (p) =1, vy, (Q) =0

This can be represented in the following diagram:

Wo

P, q p,—q

11



(m) Op,O0-¢ ¥ O(p D q)

Up, 0
[=q,0
-0 2 q),0
O=(p D q),0
Orl, 1r0
-(pDaq),1
p,1
—q, 1

p, 1
—q,1
The following interpretation shows this inference to be invalid:
W = {wp, w1}
wo Rwy , wy Rwg

Vw, (p) = 1,04, (q) =0

This can be represented in the following diagram:

Wo

p,—q

12



(n) Op,Oq ¥ O(p A q)

Op,0
0g,0
_'<>(p A Q)’ 0
D—‘(p A Q)v 0
Orl, 1r0
p,1
_'(p A Q)’ 1

=p, 1 -q, 1
® 0r2, 2r0
q,2
=(pAq),2

/\
_‘p72 -q, 2

&
The following interpretation shows this inference to be invalid:
W - {U}(), w1y, 'UJQ}

wORwl, w1 R’LU(), wQR’LUQ, ngwo

Uy (p) =1, vy, (Q) =0, vy, (p) =0, vy, (Q) =1

This can be represented in the following diagram:

Wo

P, 7q P, q

13



(0) ¥Op>p
~(Ep > p),0
Up, 0
-, 0
The following interpretation shows this inference to be invalid:

W = {wo}

Vo () =0

This can be represented in the following diagram:
wo
-p
(p) ¥ Op > Op
~(Ep > 0p),0
Up, 0
_‘<>pa 0
U-p,0
The following interpretation shows this inference to be invalid:
W = {wo}

This can be represented in the following diagram:

Wo

14



(q) p# Op

p,0
=[p, 0
<>_'pa 0
Orl, 1r0

=p, 1

The following interpretation shows this inference to be invalid:
W = {wo, ’LUl}

wo Rwy , wy Rwg

Vawg (p) =1, vy, (p) =0

This can be represented in the following diagram:

wo p

-p

(r) ¥ Op D> OOp

~(Op > 00p),0
Up, 0
-0p, 0
O—-0p, 0
Orl, 1r0
—||:|p, 1
<>_'pa 1
p, 1
1r2, 2r1
-p, 2

The following interpretation shows this inference to be invalid:
W = {wO) w1, wQ}

wORwl, w1 R’LU(), w1 R’LUQ, ngwl

UU)l (p) = 17“11)2 (p) - O

15



This can be represented in the following diagram:

Wo

w1 p

w2
-p

(s) ¥ Op 2 O0p

=(Op D O0Op),0
Op,0
=00p, 0
O0-0p, 0
Orl, 1r0
p,1

—~0p, 1
O—p, 1
-, 0
The following interpretation shows this inference to be invalid:
W = {wo, ’LUl}
wo Rwy , wy Rwg

UU)O (p) = 07Uu}1 (p) = 1

This can be represented in the following diagram:

16



(t) Fp D> O0p

—(p > 00p),0
p,0
_'DOP; 0
0=0p, 0
Orl, 1r0
_‘<>pa 1
O—p, 1
D, 0
®

(u) ¥ Op > O0p

—(Op D 00p),0
Op, 0
_'DOP; 0
<>_‘<>p7 0
Orl, 1r0

p,1
0r2, 2r0

_‘<>pa 2
(=p, 2
-, 0
The following interpretation shows this inference to be invalid:
W = {wO) w1, wQ}
wonl, U}lRQQ, wong, U)QR'[U()

UU)O (p) = 07Uu}1 (p) = 1

This can be represented in the following diagram:

Wo
-p

17



(v) ¥ O(pV —p)

_'<>(P V _‘p)7 0
O=(pV —p),0
The following interpretation shows this inference to be invalid:

W = {wo}

This can be represented in the following diagram:

Wo

(1) ¥ O(pVaq) D (Opv L)

~(0(p Vv ¢) > (HpVvLg)),0
O(pVq),0
—(Op v Oq),0
=[p, 0
=g, 0
<>_'pa0
0=g,0
Orl
=p, 1
pVag,l

p,1 q,1
® Or2
_'Qa2
pVag,2
PN
P2 q,2
®

The following interpretation shows this inference to be invalid:
W = {wO) w1, wQ}
wo Rwl, wo RU}Q

Vaw, (p) =0, Vaw, (Q) =1, vy, (p) =1, vy, (Q) =0

This can be represented in the following diagram:

18



-, q P,
(m) Op,0-¢ ¥ O(p D q)

Up, 0
[J=q,0
-O(p 2 ¢),0
O=(p 2 q),0
Orl
=(pDq),1
p,1
—q, 1

p,1
—q, 1
The following interpretation shows this inference to be invalid:
W = {wog, w1}
wo Rw,

U, (P) = 1,00, (q) =0

This can be represented in the following diagram:

Wo

p,—q
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(n) Op,Oq ¥ O(p A q)

The following interpretation shows this inference to be invalid:
W - {U}(), w1y, 'UJQ}

wo R’LUl , Wo R’LUQ

Uy (p) =1, vy, (Q) =0, vy, (p) =0, Vu, (Q) =1

This can be represented in the following diagram:

wo
w1 w2
b, q P, q

20



(0) ¥Op>p
~(Ep > p),0
Up, 0
-, 0
The following interpretation shows this inference to be invalid:

W = {wo}

Vo (p) = 0

This can be represented in the following diagram:

Wo
-p

(p) ¥Op > Op
—(0p 2 9p),0
Up, 0
_‘<>pa 0
(=p, 0
The following interpretation shows this inference to be invalid:

W = {wo}

This can be represented in the following diagram:

Wo

(q) p# Op

p,0
=p, 0
<>_'pa 0

Orl

=p, 1

The following interpretation shows this inference to be invalid:
W = {wo, U}l}

wo Rwn

21



Vawg (p) =1, vy, (p) =0

This can be represented in the following diagram:

wo p

-p

(r) FOp D> 0O0p

~(Op > 00p),0
Up, 0
-0p, 0
O-0p, 0
Orl
—||:|p, ].
<>_'pa 1
p, 1
1r2, 0r2
-p, 2
p,2
®

(s) ¥ Op D OOp

=(0p 2 00p),0
Op, 0
=00p, 0
D_‘Opa 0
Orl
p, 1

-Op, 1
(=p, 1
The following interpretation shows this inference to be invalid:
W = {wp, w1}
wo Rw1

Vuy (p) = 1

22



This can be represented in the following diagram:

(t) ¥p>OOp

—(p > 00p),0
p,0
=00p, 0
0—0p,0
Orl
_‘<>pa 1
=p, 1

The following interpretation shows this inference to be invalid:

W = {w07 wl}
’LU()RU)1
UU)O (p) = 1

This can be represented in the following diagram:

wo p

23



(u) ¥ Op D OOp
=(Op 2 0O0p),0
Op, 0
_'DOP; 0
0=0p, 0
Orl

p,1
Or2

=Op, 2
U—p, 2
The following interpretation shows this inference to be invalid:
W = {wp, w1, wa}
wo Rw1 , wo Rwo

Uy (p) =1

This can be represented in the following diagram:

(v) ¥ O(pV —p)

_'<>(p \ _‘p)v 0
D_'(p \ _‘p)v 0

The following interpretation shows this inference to be invalid:

W = {wo}

This can be represented in the following diagram:

Wo

24



(1) ¥ O(pVaq) > (Opv L)

~(0(p Vv ¢) > (HpVvDLg)),0
O(pVg),0
—(0p Vv Uq),0
=[p, 0
=g, 0
O=p,0
<>_‘q7 0
Orl
=p, 1
pVagl
p,1 q,1
® Or2
—q,2

Vg2
PN
P2 q?2
1r3 ®

2r4

The following interpretation shows this inference to be invalid:
W = {wo, w1, w2, w3, wy...}

wo Rwy , wi Rws, woRws, we Rwy...

Vaw, (p) =0, Vaw, (Q) =1, vy, (p) =1, vy, (Q) =0

This can be represented in the following diagram:

wo
U\Ll P, q w2 p, —q
w3 W4

¢ ¢
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(m) Op,O0-¢ ¥ O(p D q)

Up, 0
[=q,0
—||:|(p D) Q)’ 0
<>_‘(p D) Q)7 0
Orl

-(pDag),1
p,1
—q, 1

p,1
—q, 1
1r2

The following interpretation shows this inference to be invalid:
W = {w07 w1, U}Q}
wo Rw1, wy Rws...

U, (P) = 1,00, (q) =0

This can be represented in the following diagram:
wo

w1 p,q

w2
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(n) Op,Oq ¥ O(p A q)

The following interpretation shows this inference to be invalid:
W = {wo, w1, w2, w3, wy...}

wORwl, wOng, wlng, ngw4...

Vaw, (p) =1, Vaw, (Q) =0, Vg (p) =0, Vg (Q) =1

This can be represented in the following diagram:

Wo
Ull p,—q wf P, q
w3 Wy

¢ ¢

27



(o) ¥OpDp

—(0Op > p),0
Up, 0
—'p,O
Orl

p,1
1r2

The following interpretation shows this inference to be invalid:
W = {wo, w1, ’LUQ}
ngwl, wlng...

Vawg (p) =0, U, (p) =1

This can be represented in the following diagram:

wo —p

w1 p

w2

(p) FOp D Op

—(0p > Op), 0
Up, 0
_‘<>pa 0
(=p, 0
Orl
p,1
=p, 1
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(@) p¥ Op
p,0
=[p, 0
<>_'pa 0
Orl
=p, 1
1r2

The following interpretation shows this inference to be invalid:
W = {wo, w1, ’LUQ}
wo Rwy, wy Rws...

Vo (p) = 1,0, (p) =0

This can be represented in the following diagram:

wo p

w1 p

w2

29



(r) ¥ Op D> OOp

—(Op > OOp), 0
Up, 0
—-00p, 0
O—=Up, 0
Orl
—||:|p, ].
<>_'pa 1
p,1
1r2

-p, 2
2r3

The following interpretation shows this inference to be invalid:
W = {U}Q, w1, Wy, w3...}
wonl, U}lRU}Q, U}QRU}3...

Uy (p) =1, vy, (p) =0

This can be represented in the following diagram:

Wo

w1 p

wz —p

w3

30



(s) ¥ Op > O0p

—(0p 2 00p), 0
Op, 0
_‘<><>p7 O
D_‘Opa 0
Orl

p,1
-Op, 1
O—p, 1

1r2

-p, 2

2r3

The following interpretation shows this inference to be invalid:
W = {U}o, w1, Wy, 'w?,...}
wonl, U}lRU}Q, U}QRU}3...

O, (p) = 1,00, (p) =0

This can be represented in the following diagram:

Wo

w1 p

wz —p

w3
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(t) ¥ p > O0p
_'(p o DOP)? 0
p,0
=00, 0
0=0p, 0
Orl
-Op, 1
O-p, 1
1r2
—p, 2
2r3

The following interpretation shows this inference to be invalid:
W = {U}o, w1, Wy, 'w?,...}

’LUoR’LUl, 'LUlRU]Q, ’LUQR’LUg...

Vo (P) = 1,0, (p) =0

This can be represented in the following diagram:

wo p

w1

w2 p

w3
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(u) ¥ Op > O0p

=(Op > 0O0p),0
Op,0
_'DOP; 0
0=0p, 0
Orl
p,1
0r2
_‘<>pa 2
(=p, 2
2r3
=p, 3
1r4
3rb

The following interpretation shows this inference to be invalid:
W = {wo, w1, w2, w3, ws, ws...}

wonl, ’LU1R’LU4, ’LU()R’LUQ, ’LUQR’LUg, ’LU3R’LU5...

UU)l (p) = 17“11}3 (p) = O

This can be represented in the following diagram:

/wo\
J p f
.

Ws

i
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(v) FO(pV —p)

~0(pV -p)
O=(pV —p)
Orl
_‘(p \ _‘p)v 1
-p, 1
-p, 1

o O

3. Show the following in K :
(a) F(OADB)AOMBDOC)DADC)

~(HAD>B)AOMBDOC)) D(AD()),0
0r0
(OAD>B)AOBD0C),0
-(AD>(),0
A0
-C,0
(A D B),0
OB >C),0
AD B,0
B> C0

—A,0 B,0

® N
-B,0 C,0

& &
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(b) F (O(A > BYAOAAC)) D O(BAC)

-(O(ADB)ANO(ANC)) D O(BAC)),0
0r0
OADB)AOANC),O
-0(B AC),0
O-(BAC),0
O(A D B),0
O(ANC),0
Orl, 1rl
ANC,1
-(BAC),1
ADB,1
Al
C,1

-B,1 -~C,1

N &
-A,1 B,1

® &
(¢c)F(OAADOB)D> (A=B)

-((0AAOB) D> (A= B)),0
0r0

OAADOB,0
-(A=B),0
0A,0
0B, 0
/\
A0 =A0
-B,0 B,0
B,0 A0
A0 B.O
& &
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(d)+0(ADB)=(OADOB)

~(O(A D B) = (0A S 0B)),0

0r0
O(A D B),0 -0(A D B),0
-(0A > $B),0 0OA D ¢OB,0
A, 0 O0-(A D B),0
-0B,0 -(A D> B),0
0-B,0 A,0
Orl 1rl -B,0
ADB,1
ﬂA{\B 1 ~0A,0 0B,0
A ’1 ﬂB, 1 O—A,0 Orl, 1rl
é ®’ Orl, 1rl B,1
-A,1 -(ADB),1
-(AD>B),1 Al
A1 -B,1
-B,1 ®

®

(e) F (0—AVO-B)VO(AV B)

=((0—AV O-B) VO(AV B)),0
0r0
-(0-AV O-B),0
-O(AV B),0
O-(AV B),0
=0=A,0
-0-B,0
0--A4,0
0--B,0
-(AV B),0
—-4,0
--B.0
-A4,0
-B,0
A0
B,0
®
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O FOAD(BAC)) D (HADOB)A (LA D OC))

“(0(AD(BAC)) D ((HADOB)A(OA D OC))),0
0r0
O(AD (BA(C)),0
-((0A D> OB) A (A D 0C)),0

-(0AD>0B)),0 —(0OADOC),0

0A,0 0A,0
=0B,0 -0c, 0
U=B,0 0-C,0
Orl, 1rl Orl, 1rl

AD(BAC),1 AD(BAN(C),1

P —A,1
-A,1 BAC,1 BAC1

Al B,1 B,1

® c,1 C,1
—\B,]. _‘C,].

® ®

4. Show the following in K ,,:
(a) H (ODAVOB) =0(UAvVOB)

~(0AvOB) =0(0AVOB)),0

0r0
0AvVOB,0 ~(0AVOB),0
~0(0AVOB),0 O(0A v OB),0
O~(0A vOB),0 ~0A,0
~0B,0
0-A,0
04,0 0B,0 0=B.0
01"]., 1rl 01‘1, 1rl DA\/DB,O
~(0AvVOB),1 —(OAvOB),1
—||:|A, 1 _‘DA, 1 I:’A,O DB,O
~UB, 1 ~UB, 1 Orl, Irl  Orl, 1rl
04,1 04,1 A1 -B,1
0-B,1 05,1 Al B,1
1r2, 2r2, Or2 1r2, 2r2, Or2 ® ®
—A,2 -B,2
A2 B,2
® ®
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(b)FOO(A=B)D>C) D> (OA=B)D>00)

-(O@OEA=B)>C)D (0(A=B)>0OC)),0
0r0
O@O@A=B)>0C),0
-(0(A=B)>0C),0
O(A = B),0
-0c,0
0-C,0
Orl, 1rl
-C,1
A=B,1
OA=B)D>C1

-0 =B),1 C,1
<>—\(AE B),l X
1r2, 2r2, 0r2
-(A = B),2
A=B,2
®

5. Show the following in K, :
(a) FOA D OOA

=(0A D 00A),0
QA0
-QOA,0
O0-0A,0
-QA,0

(b) F 0A > 00A

~(0A > 00A),0

0A,0
-00A,0
<>_‘<>A7 0
—0A,1
(0-A4,1

A,2

~A,2

®
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(c) F O(0OA > OB) v O(OB > OA)

~(O(0A > OB) v O@B > 0A)),0

-0(0A > OB),0
-0(0B > 0A),0
0~(04 >0B),0
O~(0B > 0A),0
~(0A > OB),1

OA, 1

~0B, 1

OB, 1

-B,2
~(OB > OA),3

0B, 3

-0A4,3

B,?2
®

(d) FOADB)=0(AD>0OB)

~(0(0A D> B) = 0(A > 0B)),0

O(0A D B),0 -0(0A D B),0
-0(A > 0OB),0 0(A > 0OB),0
0—-(A >0OB),0 O0—-(0A D B),0

-(A>0B),1 -(0A D B),1

Al QA1
-0B,1 -B,1
O-B, 1 A> OB, 1
0ADB,1
-A,1 0B, 1
-0A, 1 B,1 A2 B,1
0-A4,1 -B,2 A>0OB,2 ®

-4,1 OAD B,?2 N
® PN -A,2 0OB,2
-0A,2 B2 ® B,1
0-4,2 © ®
-A,1
®
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6. Which of the following hold in K,.?
(a) ¥ O0p > OO0p

=(00p D O0p),0
0r0
O0p, 0
_'DOP; 0
0=0p, 0
Orl, 1rl
Up, 1
p, 1
0r2, 2r2
_‘<>pa 2
O—p, 2
-p, 2

The following interpretation shows this inference to be invalid:
W = {wo, w1, wa}
wo Rwg, wo Rwy, w1 Rwy , wo Rwa, we Rws

Uy (p) =1, vy, (p) =0

This can be represented in the following diagram:

Y%

wo
my m
w1y w2
p -p
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(b) ¥ O(Op > q) vO(@g D p)

=(Bp > ¢) vO(Eg D p)),0
0r0

Orl, 1rl
_'(‘:lp D) Q)’ 1
Up, 1
—q, 1
p, 1
0r2, 2r2
—(0g¢ > p),2
Llg,2
-p,2
q,2

The following interpretation shows this inference to be invalid:
W = {wO) w1, wQ}

’LU()RU)(), ngwl, w1 Rwl, ’LU()RU)Q, ’LUQRU)Q

Vaw, (p) =1, Vaw, (Q) =0, Vg (p) =0, Vg (Q) =1

This can be represented in the following diagram:

~
wo
~ ~
wi w2
P, 7q P, q
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(c) FO(p=¢q) >0p=0q)

—(H(p=¢) >0 Ep=0g)),0

0r0
O(p = q),0
-0(0Op = Og), 0
O—(0p = Og),0

Orl, 1rl
-(0Op =0g), 1
p=ql
Up, 1 =[p, 1
=g, 1 g, 1
0=g,1 O=p, 1
p, 1 -p, 1 p, 1 =p, 1
q,1 —q, 1 q,1 —q, 1
1r2, 2r2, 0r2  p,1  1r2,2r2, 0r2 ¢, 1
-q, 2 ® -p, 2 &
P, 2 q,2
p=4q,2 pP=4q,2
PR PR
p,2 —p,2 P2 —p,2
2 —q,2 42 g2
® ® ® ®
(d) ¥ O0p =T0p
0r0
O0p, 0 =0Up,0
=00p,0  OOp,0
0=0p,0  U=Up,0
Orl, 1rl =p, 0
_‘<>p; 1 <>_‘p7 0
O-p, 1 Op, 0
-p, 1 Orl, 1rl
Or2, 2r2 -p, 1
Up, 2 Op, 1
D, 2 _'Dpv 1
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The following interpretation, taken from the finite left-hand branch, shows
this inference to be invalid:

W = {’LU(), w1, wg}
wo Rwg, wo Rw1, w1 Rwy , wo Rwa, we Rws

Vu, (p) = 0,0u,(p) =1

This can be represented in the following diagram:

3

Wo
(% (Y
wy w2
-p p

7. The following exercises concern the relationships between various normal
modal logics.

(a) If R is reflexive (p), it is extendable (n). Hence, if truth is preserved
at all worlds of all n-interpretations, it is preserved at all worlds of all p-
interpretations. Consequently, the system K, is an extension of the system
K,. Find an inference demonstrating that it is a proper extension.

|_K,, (DA D) A)

—-(0A D> A),0
0r0
OA,0
-A,0
A0

J’éKn (DA D) A)
-(0A D> A),0
0A,0
-A,0
Orl
Al
1r2
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W = {wo,wl,wg...}
wo Rw1, wy Rws...

Vug (p) = 0, 0w, (p) =1

wog — W1 — W — ...

-p p

This interpretation shows that it is not the case that if truth is preserved
at all worlds of all p-interpretations, it is preserved at all worlds of all -
interpretations: i.e. that p is a proper extension of 7.

(b) Show that none of the systems K,, K, and K, is an extension of any of
the others (i.e., for each pair, find an inference that is valid in one but not the
other, and then vice versa).(Hint: see 3.5.10.)

There is at least one inference valid in K, that is not valid in K, or K,

Fr,UpDp

—\(Dp 2 p)7 0
0r0
Up, 0
-p,0
p,0
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The same tableau shows this inference to be invalid in both K, and K :
Fr,OpDp
Fr, OpDp
—(0p > p),0
Up, 0
—p, 0
W = {wo}
Uwo (p) = O

Wo
-p

There is at least one inference valid in K, that is not valid in K, or K,

Fr, p D 0O0p

—(p > 0O0p),0
p,0
=0p, 0
O—=0p, 0
Orl, 1r0
=0p, 1
O—p, 1
-p, 0
®

¥k, p>UOOp

_‘(p D) DQP% 0
0r0
p,0
=00, 0
0=0p, 0
Orl, 1rl
-Op, 1
=p, 1
-p, 1
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W = {wo, ’LUl}
wo Rw1 , wo Rwg, w1 Rwy

Vg (p) =1, vy, (p) =0

% &%
wo — W1
p P

Fr.p2UOOp
_‘(p D) Dop)v 0
p,0
_'DOP; 0
0=0p, 0
Orl

_‘<>pa 1
O—p, 1

W = {'w(), U}l}
won1

Vo (p) =1

wo — Wi
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There is at least one inference valid in K that is not valid in K, or K,

Fr, Op > 0O0p

—(Op D OOp), 0
Up, 0
—00p, 0
O=Cp, 0
Orl
=[p, 1
p, 1
O-p, 1
1r2, Or2
—p, 2
p,2
®

¥, Op > 0O0p

—(Op > 00p), 0
0r0
Up, 0
=[Cp, 0
O—0p, 0
p,0
Orl, 1rl
=[p, 1
p, 1
O—p, 1
1r2, 2r2
-, 2

W= {'LUO, wy, wQ}
woRw1, wo Rwq, w1 Rwy, wq Rwa, wa Rwo

Vg (P) = 1, 0w, (p) = 1,0, (p) = 0

(Y% s ~
Wy — W1 — W2
p p —-p
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¥, Op D> 0O0p
—(Op > Op), 0

Up, 0

=0p, 0

<>_‘|:’pa 0

Orl, 1r0
—\Dp, 1

p,1

<>_'pa 1

1r2, 2rl
-p, 2

W = {’LU(), w1, wg}
wo Rwy , wy Rwg, wi Rws, we Ruwn

Vw, (p) = 1,0, =0

In each of the three systems there is at least one inference that is valid un-
der that system, but not under the other two. Therefore, none of the three are
extensions of any of the others.

(¢) By combining the individual conditions, we obtain the systems Ky, K-,
Ko, Ko, and K, (see problem 1(b)). K, is an extension of K, and K.
Show that it is a proper extension of each of these. Do the same for the other
four binary systems. Show that K ,,is a proper extension of K, and that K ,,
is a proper extension of K. Show that none of the other binary systems is an

extension of any other.

In the previous exercise, we found inferences which were valid in only one of
the unary systems K,, K, and K.

The corresponding inference for K, is

Fr, Op D Op
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—(0p > Op), 0

Up, 0
_‘<>pa 0
O—p, 0

Orl

=p, 1

p, 1

®

The same tableau shows this inference to be invalid in both K, and K,:
¥, Op D Op
Fr, Op>Op
—(0p > Op), 0
Up, 0

_‘<>pa 0
(=p, 0

W = {wo}

Wo
This inference is valid in K,, because K, is an extension of k.

We now have characteristic inferences for all four unary systems. Back to
the question
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“

oo 15 an extension of K, and K,. Show that it is a proper exten-
sion of each of these. Do the same for the other four binary systems.”

The conjunction of the sentences found in the previous exercise will do the trick:
Fx,. (Bp 2 p) A (p > 00p)

~((Op 2> p) A (p>00p)),0
0r0

~(Op>p),0 =(p>00p),0
Up, 0 p,0
P, 0 _‘D<>p7 0
& <>_‘<>P7 0
Orl, 1r0, 1r1
-Op, 1
(=p, 1
-p, 0
®

This inference is a conjunction of two sentences, both of which have been
seen in the last exercise to be true in only one unary system. Thus, all unary
systems will make at least half of the conjunction false, and render the inference
invalid.

A similar inference can be generated for all binary systems, from the con-
junction of ‘characteristic’ sentences found in the last exercise (and above) for
its constitutive unary systems. The inference will be valid in the relevant bi-
nary system, and invalid in the constitutive unary systems, showing that all
the binary systems are proper extensions of their constitutive unary systems.
(Binary systems which include n will not be extensions of the same systems with
7 substituted for p - but this is only relevent in the next part of the question.)

“Show that K,,is a proper extension of K,,, and that K, is a
proper extension of K, ;.”

Op D p is, as we have seen, a tautology in K,. It is also a tautology in K,
becauseK ,, is an extension of K,. It is invalid in K,,, as can be seen in the
following tree diagram:
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Fr,, UpDp

no
—(0p > p),0
Up, 0
-p, 0
Orl, 1r0

p1
1r2, 2r1

W = {wo, w1, ’LUQ}
wORwl, wlRwO, wlng, ngwl...
Vo (P) = 0,00, (p) =1
wo = w1 =
-p p
Since there is an inference which is valid in K,, and invalid in K5, K, is

a proper extension of K.
|

The same is true of K, and K,:
Fx,. (Op D p), because K, is an extension of K,
K, ¥OpDp

—(0p > p),0
Up, 0
—'p,O
Orl

p,1
1r2, Or2

D, 2
2r3, Or3, 1r3

W = {U}Q, w1, Wy, w3...}
wonl, U}lRU}Q, U}QRU}Q, U}QRU}3, U}QR23, wlng...

Vg (p) =0, v, (p) =1, Uy, (p) =1, vy, (p) =1...

51



w4 P p P
wo —wW1— Wy — W3z — ...

Thus the conjunction of the two ‘distinctive’ sentences for the unary systems
shows that K ,,is a proper extension of K,,, and that K, is a proper extension
of K.

Back to the question for the last time:

“Show that none of the other binary systems is an extension of any
other.”

There are 5 binary systems, K o, K,r, Kor, Koy, and K.,. We showed that
K ,sis a proper extension of K,,, and that K, is a proper extension of K,,
in the last part of the question. Accordingly, if a system is not an extension of
K5, it is not an extension of K, and if a system is not an extension of K,
it is not an extension of K,r. Therefore, there are only three systems that need
to be shown to be mutually exclusive: Ks,, K,5, and K,.. To show this, it will
suffice to find an inference that is valid in one, but not in the other, for each pair.

Fx,. Op D O0Op (Because this inference is valid in K, as we have seen, and
K, is an extension of K)

¥k,, Op D 0O0p

~(0Op > O0p)
0r0
Up, 0
—-00p, 0
<>_‘Dpa 0
Orl, 1rl, 1r0
—\|:|p7 1
p, 1
<>_'pa 1
1r2, 2r2, 2r1
—p, 2
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Fx,. p D O0p (Because this inference is valid in K, as we have seen, and
K, is an extension of K,.)

¥k,.p > 0O0p

—(p > 0O%p),0
0r0

p,0
=00, 0
0=0p,0
Orl, 1rl

-0p, 1
(=p, 1
-p, 1

Next,

Fk,, p D LO0p
¥k, pD>UO0p

—(p > 0O%p),0
0r0

p,0
=00p, 0
0=0p, 0
Orl, 1rl

-Op, 1
O—p, 1
-p, 1

Fr,, pDp
¥, UpDp
—-(0p > p)

Up, 0
-p, 0
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Fr,.UpDp
¥k,.UpDp

=(Op D p)
Up, 0
-p,0

e, Op > O0p
Fr,, Op > 0O0p

—(Op > O00p), 0
0r0
Up, 0
=[p, 0
<>_‘Dpa 0
Orl, 1rl, 1r0
—||:|p, ].
O-p,1
p, 1
1r2, 2r2, 2rl
—p, 2
|

All three systems have been shown to make inferences valid which the other
systems do not. Therefore, apart from those that were mentioned at the begin-
ning of the solution, none of the binary systems is an extension of any another.
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(d) Combining three (or four) of the conditions, we obtain only the system

Ko (see problem 1(c)). Show that this is a proper extension of each of the
binary systems of the last question.

The solution proceeds in an analogous way to those of 7(c).

Fr .. OpD>0O0Op

poT

(Because K, is an extension of K)

¥k,, Op > O0p (Shown above)

|
Fr,,. OpDp
(Because K, is an extension of K,)
¥ k.. Op D p (Shown above)

|
FK,.. p D UOp
(Because K, is an extension of K,)
¥k, p D O0p (Shown above)

|

K ,o; is an extension of each of the three binary systems. Further, it makes

a theorem valid that the three true binary systems make invalid. Therefore it
is a proper extension of each of them.
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9. Check the details omitted in 3.6b.4, 3.6b.7.

3.6b.4: Check that [F|[F|A ¥ [F]A and [P][P]A ¥ [P]A in K', and that
[FI[F]AF [F]A in K}

Fit [F][F1A¥F [F]A
[F][F]A,0
=[F]A,0
(FY—A,0
Orl
-A,1
[F]A,1

The following interpretation shows this inference to be invalid:

W = {wo, w1 }; woRw1; vy, (p) =0

This can be represented in the following diagram:

¥kt |P][PJA¥ [P]A
[P][P]A,0
=[P]A,0
(P)—-A,0
1r0
-A,1
[P]A,1

The following interpretation shows this inference to be invalid:

W = {wo, w1 }; w1 Rwo; v, (p) = 0

This can be represented in the following diagram:

-p
w1 — Wo
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®
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The following interpretation, taken from the left-most open branch, shows
this inference to be invalid:

W = {’LU(), w1, wg}
wonl, wong

Vw, (@) = 0,0y, (p) =0

This can be represented in the following diagram:

Wo
w1 w2
g -p
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