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1. Prove that the truth value of —[JA at a world is the same as that of {0—A.
vy (-OA) =0

iff v,,(OA4) =1

iff for all w’ such that wRw’, v, (A) =
iff for all w’ such that wRw', v, (—A)
iff v,y (O=A) = 0

1
=0

2. Show the following. Where the tableau does not close, use it to define a
countermodel, and draw this, as in 2.4.8

(a) F (DAADB) > O(A A B)

(DA ADB),0
-0(A A B),0
0A4,0
0B, 0
O—(A A B),0
Orl
—~(AAB),1

/\
-A,1 -B,1
A1 B,1

® ®



(b) F (DAAOB) > O(AV B)

(0AvOB),0
-0(AV B),0
O—-(AV B),0
Orl
-(AV B),1
-A,1
-B,1

(c) FOA=-0-4
-(0A4 =-0-4),0

04,0 ~0A,0
—=0=A,0  —0-4,0
0=A,0  0-A,0

®

() F A =-0-4
—~(0A = -0-A4),0

0A,0 —0A,0
—=0-4,0 —0-4,0
0-4,0 [O-4,0
—~0A,0 ®
®



(e) F O(AA B) D (OA A OB)

-(O(AAB) D (QAANOB)),0
O(ANAB),0
=(0ANOB),0

~0A,0  —=0B,0
[0-4,0 O-B,0

Orl Orl
AANB,1 AAB,1
Al Al
B,1 B,1
-A,1 -B,1
& &

() FO(AV B) D (0AVIOB)

-(0(AV B) D (0AV{)B)),0
O(AV B),0
-(0AV OB),0
-0A, 0
-0B,0
0-A4,0
0-B,0
Orl
AV B, 1



(e)O0ADB)FOAD OB

O(A D B),0
-(0A D 0OB),0
QA0
-0B,0
0-B.0
Orl
Al
ADB,1
-B,1

/\
-A,1 B,1

) ?

(h) OA, OB - O(A A B)

(i) F OA=0(-4 5 A)

~(0A =0(-4 > A)),0

OA,0 —-0A, 0
-0(-=AD> A4),0 O-A4DA4),0
O—(-A D A),0 O—A,0

Orl Orl
-(-=A D A),1 -A, 1
Al —“ADA,1

—A, 1 N

_‘A, 1 _‘_'Aa 1 Av 1

® Al ®

®



GH)rOAD> OB D A)

-(0AD>O(B D> A)),0
0A, 0
-0(B > A),0
0=(B D A),0
Orl
—~(BDA),1
B,1
A1
Al
b2

(k) F=-0BD>O(B D A)

=(=0B > 0O(B > A)),0
-0B,0
-0(B D A),0
0=(B D A),0
0-B,0
Orl
—(BDA),1
B,1
-A,1
-B,1
®



(1) ¥ O(pVaq) 2 (OpvLg)

~(0(pVvq) > (OpVvDLyg)),0
D(p \ (])7 0
—(Op v dqg),0
=[p, 0
=g, 0
<>_‘p70
<>_'Qa0
Orl
=p, 1
pVag,1
N
P, 1 q,1
® 0r2
-q, 2
pVaq,?2
N
P2 q,2
&

The following interpretation shows this inference to be invalid:
W = {U}(), w1y, 'UJQ}

wo R’LUl , Wo R’LUQ

Vaw, (p) =0, Vaw, (Q) =1, vy, (p) =1, vy, (Q) =0

This can be represented in the following diagram:

wo
w1 w2
P, q D, 7q



(m) Op,O0-¢ ¥ O(p D q)

Up, 0
[=q,0
—||:|(p D) Q)’ 0
<>_‘(p D) Q)v 0
Orl

-(pDag),1
p,1
—q, 1

p, 1
—q,1
The following interpretation shows this inference to be invalid:
W = {wp, w1}
wo Rwy

Vw, (P) = 1,04, (q) =0

This can be represented in the following diagram:

Wo

p,—q



(n) Op, 0q ¥ O(p A q)

The following interpretation shows this inference to be invalid:
W - {U}(), wy, 'UJQ}

wo R’LUl , Wo R’LUQ

Uy (p) =1, vy, (Q) =0, vy, (p) =0, Vu, (Q) =1

This can be represented in the following diagram:

wo
w1 w2
b, q P, q



(o) ¥Op>p
~(Ep > p),0
Up, 0
—p,0
The following interpretation shows this inference to be invalid:

W = {wo}

Vo () = 0

This can be represented in the following diagram:
wo
P
(p) ¥ Op > Op
~(0p > 0p),0
Up, 0
~0p,0
U-p,0
The following interpretation shows this inference to be invalid:
W = {wo}

This can be represented in the following diagram:

Wo



(@) p¥Op

»,0
=[p, 0
<>_‘p7 0

Orl

=p, 1

The following interpretation shows this inference to be invalid:
W = {wo, ’LUl}

wo Rwn

Vwg (p) =1, vy, (p) =0

This can be represented in the following diagram:

wo p

-p

(r) ¥ Op > 0O0p

—(Op > 00p), 0
Up, 0
-0p, 0
O—-0p, 0
Orl
—||:|p, 1
<>_‘p7 1
p,1
1r2

-, 2
The following interpretation shows this inference to be invalid:
W = {wp, w1, wa}
wo Rwy , w1 Rws

UU)l (p) = 17Uwg (p) = O
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This can be represented in the following diagram:

Wo

w1 p

w2
-p

(s) ¥ Op 2 OOp

=(Op D O0Op),0
Op,0
=00p, 0
O0-0p, 0
Orl
p,1
-Op, 1
O—p, 1

The following interpretation shows this inference to be invalid:

W = {w07 U}l}
wo Rw;
Vw, (p) = 1

This can be represented in the following diagram:

11



(t) ¥ p2>OOp

_'(p o DOP)? 0
p,0
_'DOP; 0
0=0p, 0
Orl

=0p, 1
O—p, 1

The following interpretation shows this inference to be invalid:
W = {wo, U}l}

won1

Vo (p) =1

This can be represented in the following diagram:

wo p

(u) ¥ Op D O0p

Op, 0
_'DOP; 0
0=0p,0

Orl

p,1
Or2

=0p, 2
O-p, 2
The following interpretation shows this inference to be invalid:
W = {wp, wy,wa}
wo Rwy , wo Rws

Uy (p) =1

12



This can be represented in the following diagram:

(v) ¥ O(pV —p)

=O(p vV —p),0
O=(pV —p),0

The following interpretation shows this inference to be invalid:

W = {wo}

This can be represented in the following diagram:

wo
4. *Check the details omitted in 2.9.3 and 2.9.6.

2.9.3 Soundness Lemma: Let b be any branch of a tableau, and I =< W, R,v >
be any interpretation. If I is faithful to b, and a tableau rule is applied to it,
then it produces at least one extension, b’, such that I is faithful to &’.

Proof:

The proof proceeds by a case-by-case consideration of the tableau rules. ,
|A>B|[A=B]| |4

, and | -OA | have not been explicitly dealt with.

U )

Suppose [ is faithful to b and AV B, i occurs on b, and that we apply a rule to
it. Then two branches eventuate - one extending b with A, (the left branch)
and one extending b with B,i (the right branch). Since I is faithful to b it
makes every formula on b true - in particular A V B is true at f(i), that is,
Vw; (AV B) = 1, so either A or B is true at f(i): i.e. vy, (A) =1 or, vy, (B) = 1.

13



In the first case, I is faithful to the left branch; in the second case I is faithful
to the right branch.

Suppose [ is faithful to b and —(A V B),i occurs on b, and that we apply a rule
to it. Then one branch eventuates - extending b with = A, ¢ and—B, 7. Since [ is
faithful to b it makes every formula on b true - in particular v,, (=(AV B)) =1
80 Uy, (A) = 0 and, vy, (B) = 0, making I faithful to the extended branch.

(A= B]

Suppose [ is faithful to b and A = B, i occurs on b, and that we apply a rule to
it. Then two branches eventuate - one extending b with A,i and B, i (the left
branch) and one extending b with = A, ¢ and—B, 4 (the right branch). Since I is
faithful to b it makes every formula on b true - in particular v,,(A = B) =1 so
Uy, (A) = vy, (B). That is, either vy, (A) = 1 and vy, (B) = 1 or, vy, (4) =0
and vy, (B) = 0. In the first case, I is faithful to the left branch, in the second
case I is faithful to the right branch.

Suppose [ is faithful to b and —(A = B), i occurs on b, and that we apply a rule
to it. Then two branches eventuate - one extending b with A,7 and =B, i (the
left branch) and one extending b with —A,7 B, (the right branch). Since I is
faithful to b it makes every formula on b true - in particular vy, (=(4 = B)) =1
SO Uy, (A) # vy, (B). That is, either v, (A) = 1 and v, (B) = 0 or, vy, (4) =0
and vy, (B) = 1. In the first case, I is faithful to the left branch, in the second
case [ is faithful to the right branch.

-ﬂﬂA

Suppose [ is faithful to b and =—A, 7 occurs on b, and that we apply a rule to it.
Then just one branch eventuates: extending b with A,i. Since [ is faithful to b
it makes every formula on b true - in particular v,,(—=—A4) = 1 so v,,(A) = 1.
Thus [ is faithful to the extended branch.

-OA

Suppose [ is faithful to b and =[JA, i occurs on b, and that we apply a rule to it.
Then just one branch eventuates: extending b with ¢—A,i. Since [ is faithful
to b it makes every formula on b true - in particular v,,(-00A) = 1. By the
proof in question 1, this implies that v, (¢—A) = 1. Thus I is faithful to the
extended branch.
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2.9.6 Finish the proof of the Completeness Lemma: The atomic case, BV C,
0B, and —[0B have already been shown.

Completeness Lemma: Let b be any open complete branch of a tableau. Let
I =< W, R,v > be the interpretation induced by b. Then:

if A, 71is on b then A is true at w;
if =A, iis on b then A is false at w;

Proof:
The proof is by recursion on the complexity of A.

~(BV ()

If A occurs on b, and is of the form —(B Vv (), then the rule for disjunction
has been applied to =(BvC),i. Thus, =B,i and =C,i are on b. By induction
hypothesis, both =B and —C' are true at w;. Hence (B V C) is false at w;, as
required.

If A occurs on b, and is of the form B A C, then the rule for conjunction has
been applied to BA C,i. Thus, B,i and C,4 are on b. By induction hypothesis,
both B and C' are true at w;. Hence B A C'is true at w;, as required.

~(BAC)

If A occurs on b, and is of the form —(B A C'), then the rule for conjunction
has been applied to =(B A C),i. Thus, —=B,i or =C,i is on b. By induction
hypothesis, either =B or —C' is true at w;. Hence B A C is false at w;, as
required.

If A occurs on b, and is of the form B D C, then the rule for the conditional has
been applied to B D C,i. Thus, =B, i or C,i is on b. By induction hypothesis,
either =B or C' is true at w;. Hence B D C' is true at w;, as required.

-(BD>C(C)
If A occurs on b, and is of the form —(B D C'), then the rule for the conditional
has been applied to (B D C),i. Thus, B,i and =C,i are on b. By induction

hypothesis, both B and =C' are true at w;. Hence B D C is false at w;, as
required.
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If A occurs on b, and is of the form B = C, then the rule for equivalence has
been applied to B = C,i. Thus, B,i and C,, or =B,7 and —C,i are on b. By
induction hypothesis, either B and C', or =B and —C' are true at w;. Hence
B = C is true at w;, as required.

-~(B=0C)

If A occurs on b, and is of the form —(B = C), then the rule for equivalence has
been applied to =(B = C),i. Thus, B,i and —C, i, or =B,¢ and C,i are on b.
By induction hypothesis, either B and =C', or =B and C are true at w;. Hence
(B = C) is false at w;, as required.

—\—\B

If A occurs on b, and is of the form —=—B, then the rule for double negation has
been applied to =—B,4. Thus, B, is on b. By induction hypothesis, B is true
at w;. Hence —B is false at w;, as required.

If A occurs on b, and is of the form {B, then the rule for possibility has been
applied to ¢B,i. Thus, for some j such that iRj is on b, B,j is on b. By
construction and the induction hypothesis, for some w; such that w; Rw;, B is
true at w;. Hence OB is true at w;, as required.

—\<>B

If A occurs on b, and is of the form =B, then the rule for possibility has been
applied to =0 B, i. Thus, O-B,i is on b. So, for all j such that iRj, =B, j is on
b. By induction hypothesis, for all j such that w; Rw;, B is false at w;. Hence
OB is false at w;, as required.

|
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